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Abstract 

Here we study the nonnegative solutions of the viscous Hamilton- Jacobi problem 

ut - J/Au+ \Vu\i = 0, 
u{0) = uo, 

in Qn,T = X (0, T) , where (7 > 1, ^ 0, T e (0, oo] , and fl — or is a smooth bounded 
domain, and uq e L^{fl),r ^ 1, or uq e A^b(il). We show L°° decay estimates, valid for any 
weak solution, without any conditions as \x\ — 00, and without uniqueness assumptions. As a 
consequence we obtain new uniqueness results, when uq G A4b{^) and q < (N + 2)/{N + 1), 
or Uq £ L^{n) and q < {N + 2r)/{N + r). We also extend some decay properties to quasilinear 
equations of the model type 

Ut - Apu + m|Vu|« = 

where p > 1, A ^ 0, and it is a signed solution. 



Keywords Viscous Hamilton- Jacobi equation; quasilinear parabolic equations with gradient 
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1 Introduction 



Here we study some parabolic equations with eventual gradient absorption terms. We are mainly 
concerned by the nonnegative solutions of the well known viscous parabolic Hamilton-Jacobi equa- 
tion 

ut-uAu + \Vu\i = (1.1) 

in Qn,T = X (0, T) , r ^ 00, where q > l,^ ^ 0, and = M^, or (7 is a smooth bounded domain 
of and n = on dQ x (0, T) . We also consider the (signed) solutions of equations of the type 

Ut- ApU+\u\^~'^u\\/u\'' = (1.2) 
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where p > 1 and Ap is the p-Laplacian, or more generally involving a quasilinear operator, nonnec- 
essarily monotone, 

ut — div(A(2;, t, u, Vu)) + g{x, u, Vu) = (1-3) 
with natural growth conditions on A, and nonnegativity conditions 

A{x,t,u,7]).r] ^ ly \r]f , g{x,u,r])u ^ 'y\u\^~^^ \Vu\'^ 7 ^ 0, z/ ^ 0, (1-4) 

where A ^ 0. 

We denote byA^f,(il) the set of bounded Radon measures in $7, and the subset of 

nonnegative ones. We set Qn^s,T = ^ x is,T) , for any ^ s < r ^ c«, thus Qq^t = Qnfl,T- 

We study the Cauchy problem with rough initial data 

u{.,0)=uo, uq e L''{n),r ^ 1, or no G A^fe(O). 

Our purpose is to give some decay estimates, and a regularizing effect estimates, for the 
solutions, in terms of initial data no, and universal estimates when Q is bounded, under very few 
assumptions on the solutions. In this problem two regularizing effects can occur, the first one due 
to the gradient term |Vn|'^, when 7 > 0, the second to the operator when v > 0. A part of these 
estimates are well known when the solutions can be approximated by smooth solutions, and satisfy 
some conditions as \x\ — )• 00 when Q = M^, of boundedness or integrability, for example semi-group 
solutions. Our approach is different: our results are valid for all the solutions of the equation in a 
weak sense: in the sense of distributions for the case of the Laplacian, in the renormalized sense in 
the case of a general operator; and we make no assumption of existence or uniqueness. Moreover 
in the case of the Hamilton-Jacobi equation in R^, we make no assumption as \x\ — t- c«, all our 
assumptions are local. As a consequence we deduce new uniqueness results for equation ()l.ip in 
or in bounded 

In order to get regularizing properties, we give at Section [2] an iteration lemma based of Moser's 
method, inspired by the results of [39], and we compare it to results of [3l] obtained from Stam- 
pacchia's method. The Moser's method, based on the choice of test functions of the form |n|"~^ n, 
a > 0, appears to be well adapted to equations in a context. Since such functions are not always 
admissible, we combine the method with a regularization in case of equation (jl.ip in R^, and a 
truncature in the case of the Dirichlet problem, for the same equation, and for the general equation 

In Section [3] we study the case of Hamilton-Jacobi equation (jl.ip in R^ , for which there is 
a huge litterature. Among them we quote only some significative contributions and refer to the 
references therein: [1], [11], [6], [H], [37], see also [6], [13], [29]. One of our main results reads as 
follows: 

Theorem 1.1 Let u G L\^^{Qt^n j')., with |Vn| G L'^oc^Q'^^ t)i ^'^V nonnegative solution of 
equation inV^Q^N j-). 

(i) Let no G L''(R^),r ^ 1. Assume that u G C([0, T) ; L[„^(R^)) and n(.,0) = no- Then 
nG C([0,r);L'^(R^)); and for any t G (0, T), n(., t) G L°°(R^) and 

\\u{;t)\\Lr{RN) S \\uo\\Lr{m), (1-5) 
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\\u{;t)\\Loo(KN) S Ct '^||'Uo||^r(]giV), C = C{N,q,r), 
where a,w are given for q < N by a = l/{rq/N + q — 1) = Nzu/rq; and if v > 0, N > 2, 

\\ui;t)\\L^(^N) S Ct 2r||no||Lr(iRiV), C = C {N , q , r, 1^) . 

(a) Let uq G 7W^(M^) and assume that u{.,t) converges weakly * to uq as t ^ 0. Then u G 
C((0,T);Li(M^)), andforanyte{0,T), <, [ duQ, 

\\ui.,t)\\L^iRN)SCt'-'"if duor^-, C = C{N,q), 
\\u{.,t)\\L^^^N) SCt-f duo, C = C{N,q,u), ifu>0. 

For any g < 2, we deduce estimates of the gradient, obtained from Bernstein technique. As a 
consequence we improve some uniqueness results of [11] and |14j : 

Theorem 1.2 (i) Let 1 < q < {N + 2)/{N + 1), and uq £ 7W^(M^). Then there exists a unique 
nonnegative function u G Llg^{Q^N^x), such that |Vn| G Ll^^{Q^N rp), solution of equation in 
V'{Q^N rp) such that 

hm / u{.,t)ijdx= [ i^duQ, y^pGCciR^). 

(a) Let Uq G L''(R^), r ^ 1 and 1 < q < (N + 2r)/{N + r). Then there exists a unique 
nonnegative solution u as above, such that u ^ C ([0, T) ;L[q^(M^)) and u{.,0) = uq. 



We also find again the existence result of [14 ■ Theorem 4.1] for any uq G L'^(W ), r ^ 1, see 
Proposition 13.281 Finally we improve the estimate (|1.5p when q < (N + 2r)/{N + r), see Theorem 
KM 

In Section m we study the Dirichlet problem in a bounded domain il.: 

ut - uAu + |Vti|'' = 0, in Qq^t, 

u = 0, ondnx{0,T), (1.6) 

u{x, 0) = Uq ^ 0, 

Here also the problem is the object of many works, such as [23], [7], [38], [8], [3l]. We give decay 
properties and regularizing effects valid for any weak solution of the problem, in particular the 
universal estimate 

l|n(., t)llLoo(o) ^cri^ in (o,r), 

where C = C {N, q) , see Theorem 14.121 And we improve the uniqueness results of [7] : 
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Theorem 1.3 Assume that 0, is bounded. 

(i) Let 1 < q < {N + 2)/{N + 1), and uq G A4'^{Q,). Then there exists a unique nonnegative 
function ue C{{0,T);L^ {n))nL}^^{{0,T);Wo'^ (17)), such that |Vu|9 G Ll^i{0,T); (n)) solution 
of equation in T>'(Q^^t) such that 

lim / u{.,t)'iljdx = / ipduQ, VV' G C{,(r2). 

(a) Let Uq £ L^{Q,), r ^ 1, and 1 < q < {N + 2r)/{N + r). Then there exists a unique nonnegative 
solution u as above, such that u €z C ([0, T) ; L^'{Q)) and u{., 0) = uq. 

And we show the existence of solutions for any uq G L'''{Q), r ^ 1, see Proposition 14.171 

In Section [S] we extend some results of section H] to the case of the quasilinear equations (jl.3p , 
with initial data uq G (il.) or uq measure, and u may be a signed solution. In the case of equation 

ut — Apti = 0, 

with rough initial data, several local or global estimates and Harnack properties have been 
obtained in the last decades, see for example the pioneer works of [39], [25], [26], [31], and [21], [20] 
and references therein. Regularizing properties for equation (jl.2p are given in [33] in an hilbertian 
context in case = or p = 2. 

For this kind of problems, we combine our iteration method of Section [2] with a notion of 
renormalized solution, developped by many authors |18j . |33j.|36j. well adapted to our context of 
rough initial data: we do not require that u{.,t) G L^(rj), but we only assume that the truncates 
Tk{u) of n by A; > lie in L'p{{0,T);W^'P{Q)). We prove decay and L°° estimates of the following 
type: if 7 > 0, for any r ^ 1, p > 1 and for example g G (1, N) , then 

IN 

\H;t)\\Loc(n) set "WuoWYrf^ny ^= rq, = — ^' (I-'') 

jY -r A -|- (/ ± I q 

and we deduce a universal estimate as before. If > 0, then for any r ^ 1, and any p G (1, A^) such 
that p > 2N/{N + 2), 

-am IN 
\\u{;t)\\L°°{Q) S Ct ''\\uo\\Lr(^^), ^= rpi^_o = (1-8) 

j\f ~r P ^ rp 

Such methods can also be extended to porous media equations, and doubly nonlinear equations 
involving operators of the form u 1— >• —Ap{\u\"^~^ u). 

2 A Moser's type iteration lemma 

We begin by a simple bootstrap property, used for example in |39]: We recall the proof for simplicity: 
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Lemma 2.1 Let lo G (0, 1) and o" > 0, and K > 0. Let y be any positive function on (0,T) such 
that for any < s < t < T 

y{t)^K{t-sr^y-{s) 

and y{t) ^ Mt~" for some M > 0. Then y satisfies an estimate independent of M : for any 

te{o,T) 

y{t) S 2'^(i-^)"'(i^r")(^-"') ' 

Proof. We get by induction 



y{t) S K2H--y^{t/2), 

y"""'(t/2"-i) <, K"""'2"'^'^""'r'^'^""'y'^"(t/2"), 
y^"(t/2") ^ 2"'^'^"r'^'^"M'^". 

Then 

y{t) S K^^^o-'t— E^=o-''2'^Sfc=o(^+i)^')iVr"^' 

n + l 

and going to the Umit as n — t- oo, we get the conclusion, since limM^ =1. ■ 
In the sequel we use the following iteration property: 

Lemma 2.2 Let m > 1, 9 > 1 and A G R and Cq > 0. Let v G C{[0,T) ■,Lj^^{Q)) be nonnegative, 
and vq = v(x,0) G L^'($7) for some r ^ 1 such that 

N 

r>— (1-m-A); (2.1) 
m 

If r > 1 we assume that for any ^ s < t < T and any a ^ r — 1 there holds 

^— [ v^+\.,t)dx + ^ [\[ v^"^\.,T)dx)hdTS^ [ v-+\.,s)dxSoo (2.2) 

a + A 



a + 

where 

/3 = /3(a) = 1 + 

m 

If r = 1 we make one of the two following assumptions: 
(Hi) ([13) holds for any a^O, 

(II2) J^v{.,t)dx ^ f^vodx for any t G (0,T), and vq G LP{Q) for some p > 1, and \2.2(l holds 
for any p — 1. 

(i) Then there exists C > 0, depending on N,m,r, X,Co, and eventually p, such that for any 

t G (o,r), 

\\v{.,t)\\Lo^in) S Ct-''^'-'''0\\vo\g'^^^''\ (2.3) 

where 

1 6' ^. 

^+A+m-l r 

(a) Moreover if X + m — 1 > 0, and Q is bounded, then a universal estimate holds, with a constant 
C depending on N,m,r, X,Cq, and eventually p : for any t G (0,T), 



\v{.,t)\\L^^n) S Ct- 



m-l + A 
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Proof, (i) • Case r > 1. Let a ^ r — 1. From ()2.2p . It implies the decay: J^v°''^^{t)dx 
is decreasing for t > s. And f^v^"^^{.,^)dx is finite for almost any ^ G (S)^) • From assumption 
(j2.ip . and a ^ r — 1, there holds /3m0 > a + 1. Replacing a by I3m9 — 1, taking ^„ — )• s we have 
^ /^n'5™^(.,^„)dx for any ^ > then 



and also 



[\[ v^"'\.X)dx)Ut ^ [ v''+\.,^n)dx S [ v''+\.,s)dx. 
Jin Jn Ja Jn 



thus 



U-+l(.,t)dx + ^M^±^(t-Cn)(/ V^"^'{.,U)dxf S [ V^+\.,s)dx. 

Jn Jn 



Then going to the limit as n — )■ oo, since v G C([0, T] ; Lj^^{Q)) when ^„ — )• s, w(.,Cn) — ^^C-jS) in 
L^(il), and after extraction, a.e. in Q. Then from the Fatou lemma, 

v^+\.,t)dx + ^^^^^{t-s){f v^"''{.,s)dxf ^ [ v^+\.,s)dx. 



Hence 



We start from s = 0, we have vq G L^(r2). 

We take uq = r — 1, thus v°'°~^^{t)dx is finite, and set /3o = 1 + (r — 1 + A) /m. We define 
increasing sequences (tn) , (on) , (rn) , if^n) , by io = 0, tq = r and for any n ^ 1, 

tn = t(l-7^), r„ = a„ + l, /3n = 1 + , r„+i = /3„m^ = (r„ + A + m - 1)6*. 

In ()2.5p . we replace s,t, a, I3m9, by t^, tn+i?^n, ?^n+i, and get 

1 ^ni 1 \ - — — B.r„ 



It follows that 



\\v{tn+l)\\L'-r.+l(n) S InJuLjuoW^r}^^ (2.7) 

where 

"+1 m fln + 2-fe "+1 



1.-1 , — , yl-A; fc 1/ 



fc = l fc = l 

Since r„ = 6l"(r + (A + m - l)6l'(l - 6*"")), it is clear that 

nn+l 1 "+1 "■+! 

hm = wr,m,x,e, hm ^ ^+2"'= = ct,,^,a, lim J] fc^i-^^ = 6'^ (2.8) 

''"+1 """+1 k=i k=i 



6 



Thus, it follows 

limJ„ = 2"^^^^", limLn = {Coimeyy--^'^'" . (2.9) 
And In has a finite limit £ = £{N, m, r, A) as n — >■ oo. Indeed, 



n+l , n „„ I 1 n+1 



In I„ = ^ ^"+2-^= In rfe ^ ^ r+i-'^ In = ^(m^ In - ^ 0-^' In rfc) 

"""+1 fc=i ''"+1 fc=o ^""^^ k=i k=o 

and the sum S = Ylk=o^~^^^'''k is finite, since ^ d''{r + |A + m — 1| 9'). Then /„, has a finite 
limit £ = £{N,m,r, X,9) = exp{r~^vJr,m,xiiiT^(^ ~ — m0lnr)). Thus we can go to the limit in 
(12.71). and the conclusion follows. 



• Case r = 1. If (Hi) holds we can take ao = ~ 1 = and the proof is done. Next assume 
(H2) Then we obtain, for any ^ s < t < T, and a constant C as before. 



lb(.,OllLoo(n)^C(t-s)-'^--M||^(.,,)||-;-^^^ 

Let y{t) = ||u(., i)llioo(Q). We can apply Lemma [2T] to y, with 

Indeed w < 1 from assumption (j2.ip with r = 1. Then there holds 

\\v{.,t)\\L^^n) S 2-(i-)-'(i^t-)(i-)-^ = 2'^(i-)"C7(i-)"'r'^(i--)"'||7;o|irf(-;'*/""''"». 

And we observe that a{l — cj)^^ = ai^rn,x,e and ^^p,rra,A,e/p((l — ^)) = ''^i,m,x,e, then with a new 
constant C, now depending on p, 

\H.,t)\\L^in) S Cr-^'-^^^^\\vo\g'-f'r (2.10) 



(ii) Assume that Q is bounded, thus L'^ {Q) C (0) . We use the result with r = 1 and obtain 
([2J0]) . and, for any < s < t < T, 

ii^(t)iiL^(n) ^ c(t-.)-'^^-^'«ib(.)iir/-f ^ c(t-s)-'^^-^ ii)r^-^>« ib(^)iiriS'' 

where C = C{N,m, X,Co) (or C = C{N,m, X,Co, p). And vJi^m,x,e < li because A + m — 1 > 0. 
Then we can apply Lemma |2.H and we get 

\\viT)\\L--{n) ^ 2'"i'™-^(^-"i'™-^-»)''(C|f]|'^i-->^>«t-'^i.->^>8)(i-"i>™.^.»)"' = Mt"^^^=^,Vt e (o,r). 
with M = M(iV,m, A, Co, |0|) {or M = M{N,m, X,Co,\n\ , p)). ■ 
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Remark 2.3 This lemma can be compared with the result of \34\ Theorem 2.1] obtained by the 
Stampacchia's method. In order to obtain decay estimates for the solutions u of a parabolic equation 
such as lll.l]) or 113.18]) . the Moser's method consists to take as test functions powers \u\°'~^ u of u; 
the Stampacchia's method uses test functions of the form {u — k)^signu. If one applies to sufficiently 
smooth solutions, both techniques leed to decay estimates of the same type. In the case of weaker 
solutions, the second method supposes that the functions {u — A;)"*" are admissible in the equation, 
which leads to assume that u{.,t) E W^'^{^), see l34^ . In the sequel we combine Moser's method 
with regularization or truncature of u, in order to admit powers as test functions. 



3 The Hamilton-Jacobi equation in 
3.1 Different notions of solution 

The Hamilton-Jacobi equation was first studied with smooth initial data. Let us recall the main 
results: 



For any nonnegative uq G 



, from [T] there a unique global solution in C 



2,1 /mAf 



x[0,oo)) 



such that 



H;t)\\i 



< 



I^o|Il°°(r^) ! I|V''^(-)*)IIl°o(r'V) S l|Vno||ioo(iRjv) 



Some estimates of the gradient, independant of z^, have been obtained for this solution, by using 
the Bersnstein technique, which consists in derivating the equation, and computing the equation 
satisfied by |Vnp : first from 



|Vn(.,t)r,, 



< 



\uo\\lo 



then from 



|V(tx'^)(.,t)||z.. 



SCqt-'/^\\uo,^. 



q-1 

1 



(3.1) 



< 



1 1 



equivalently 



ui.,t) 



o.e.inM^ (3.2) 



• For any nonnegative uq G C), (M j , from [30] there exists a unique solution such that u G 
C'^'^{Qm,oo) and u G C(R^ x [0, oo) n L°^(E^ x (0, oo)), and from [6] estimates 1^ and 1^ are 
still valid. 



In case of rough initial data uq G A4b 



or u £ U 



> 1, existence results have been 



obtained in [TT], [T3] at section by using different formulations involving the semi-group of heat 
equation. Here we consider the solutions in a weaker sense, which does not use this formulation. 

Definition 3.1 We say that a nonnegative function u is a weak solution (resp. subsolution) of 
equation of M.l\) in Q^n^^^ if u G Lj^ciQM.^ ,t) ^ '^'^'^ l^^l ^ ^'ioc^Qm.^ ,t) ^ ^''^'^ 



/ / {—uipt — uAip + \Vu\'^ip)dxdt = 0, {resp. ^), Vy? G T>^{Q^n^'j'). 
Jo Jn 



(3.3) 
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Remark 3.2 Recall that from 116^ . any weak solution satisfies 

uGLfS^iQ^N^T), VnGLL(gM^,T), u G C{{0,T)- LfjR^')) Vp ^ 1. (3.4) 
Hence 13. 3\) is equivalent to: 

I [ {-uipt + Vu.V(p + \\7u\'^ip)dxdt = 0,y(peV{Q^N^T), (3-5) 
Jo Jn 

and we have and there holds for any s,t € (0, T), 

/ u{.,T)ip{.,e)dx- [ u{.,s)ip{.,s)dx+ [ [ {-uipt + Vu.Vip + \Vu\'^ip)dxdt = (3.6) 

Jrn J^n Js Jrjv 



;2 (ra^) 



and then for any ip ^ 

[ u{.,T)ipdx- [ u{.,s)i)dx+ [ [ {Vu-V^j + \Vu\''7pdxdt = (3.7) 

In this section we study the Cauchy problem 

( ut- Au + \Vu\'^ = 0, in Qjjiv 
\ uix,0)=uo^O inM^, 

Definition 3.3 Let uq G LJ^^ (M^) ,r ^ 1. 

We say that u is a weak solution if u is a weak solution of and the extension of u 
by Uq at time satisfies u^C ([0,T) ;L[^^(M^)). 

We say that u is a weak r solution of problem \3. ^) if it is a weak solution of equation M.l\l 
such that 

lim [ u'{.,t)i)dx= f u^Q^dx, VV' G Cc(M^). (3.9) 



Definition 3.4 Let uq be any nonnegative Radon measure in M^, we say that u is a weak Aiioc 
solution of problem \3. ^) if it is a weak solution of M.l]) such that 

hm / u{.,t)iljdx= ijduo, V^- G Cc(M^), (3.10) 

t—>-0 mN haN 



Remark 3.5 Obviously, any weak L[^^ solution is a weak r solution. When r = 1, the notions of 
weak 1-solution and weak Aiioc solution coincide. When r > 1, u is a weak L'[^^ solution if and 
only if it is a weak r solution and 

hm / u{.,t)'4>dx= I UQipdx, V^- G Cc(M^). (3.11) 

J^N J^N 

Indeed ifu{.,t) converges to uq in L[g^(R^) as t — t- 0, then it satisfies 113. 9\) and 113. The converse 
is true: let u satisfying \3. 9\l and \3.11]) . then u{.,t) is bounded in L^^^, there exists t„ — )• such 
that u{.,t) v in D'(IR^) with v G LJ^^. And u{.,tn) — )• uq in 2?'(R^), then v = uq, hence it is 
true for any i — )• 0. Then for any nonnegative tp G Cc(M^), u[.,t)il> — )• UQip weakly and in norm, 
thus strongly in L'"(M^), thus u{.,t) converges to uq in L[y^(M^). 
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Other types of solutions using the semigroup of the heat equation have been introduced in 

Definition 3.6 Let uq G U' (M^) . A function u is called mild U solution of problem if 
ueC{[^,T)]U (M^)), and\Vu\'i £ L]^^{[Q,T)-U (R^)) and 

u{.,t) = e'^uo - f e^'-''>^\Vu{.,s)\''ds m L^(M^). 
Jo 

Here e*^ is the semi-group of the heat equation acting on U (M^) . 

Definition 3.7 Let uq G A^^(R^). A function u is called mild A4 solution of i3. 8\j if u £ 

Cb{{0,T);L^ (M^)) and \Vu\i G Ll^{[0,T);L^ (M^)) and for anyO<t<T, 

u{.,t) = e*^no(.) - r e(*-^)^| Vu(., s)|«ds ^n L\R^), (3.12) 
Jo 

where e*^ is defined on A^^(M^) as the adjoint of the operator e*^ on Co(M^), the space of 
continuous functions on which tend to as \x\ — )• oo. 

Remark 3.8 Every mild L^ solution is a weak LJ^^ solution. 

Remark 3.9 Any mild Ai solution is a weak Aiioc solution. Indeed for any < e < t < T, we 
find 

u{.,t) = e^'-'^^u{.,e)- e(*"^)^|Vn(,s)|«ds in L\R^), 

and u{., e) G L^{M.^), then u is a weak solution on (e, T) , then on (0, T). As t — )• 0, u{.,t) — e*^no(.) 
converges to in L^{M.^), then weakly *, and e*^no(.) — )• uq weakly *, then {3.10]) holds. 

Another definition of solution with initial data measure was given in (jllj): 

Definition 3.10 Let uq G A function u is called weak semi-group solution if u £ 

C{{0,T);L^ (E^)) and\Vu\i e Ll^{[0,T);L^ (M^)) and for anyO<e<t<T, 

u{.,t) = e(*-^)^n(., e) - j' e^*"^)^] Vn(, s)\''ds in L\R^), (3.13) 
lim / u{.,t)ipdx= ipduo, G Cb(M^), (3.14a) 

Jrn Jrn 

We first prove that the two definitions coincide: 
Lemma 3.11 Let uq G A^^(M^). Then 

u is a mild Ai solution of i3.8\) <^=^ u is a weak semi-group solution of i3.8\) . 
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Proof, (i) Let n be a mild M solution. Then clearly p.l3p holds. Moreover for any ^ G 
Co (M'^) , from the assumption on the gradient, 



< 6*^/^0,-0 >=< fJ'0,e^'^Tp >-- 



(n(.,t)+ / e^^-'^^\Vu{.,s)\'ids)i;dx 



By approximation the relation extends to any 99 G C;, (M^) : 



u{.,t)ipdx+ (/ e'^^-''>^\Vu{.,s)\''ds)ipdx 
Jm Jo 

u{.,t)ipdx + / / \Vu\'^(pdxds 

Jo JRJV 

since the measure is bounded. And from the integrability of the gradient and the Lebesgue theorem 
in L^(M^, d/Uo), we deduce 



lim / / \Vu\'^ipdxds = 0, lim / e^^ipdfiQ = / fdfiQ, 

*-^OiO Jr^ t-^Oj^N J^N 



since ||e*^(^||^oo(igjv') < IIvIIl°°{m^) ^^'^ 6*^99 converges to (p everywhere as t — )• 0; thus p.l4ap holds. 

(ii) Let li be a weak semi-group solution. Then obviously u € Cb{{0,T);L^ (M^)). As e ^ 0, 
we have 

rt rt 



lim r e(*-^)^|Vn(., s)\''ds = f e(*-^)^|V'u(., in 

^-^0 7e Jo 



Then 



lime(*-^)^n(.,e) = 'u(.,t)+ f e'^'-'^^\Vu{.,s)\Hs in 

Jo 

Moreover ()3.14ap entails that that n(.,e) — )■ uq in 5'(IR^) and 



t>N\ 



lim e(*-^)^u(., e) = e*^no in 5'(M^); 

e-S>0 



(3.15) 



indeed for any ip ^ S\ 

< e(*-^)^n(.,e) - e''^uo,ip>\ < \< e*^(n(.,e) - uo{.),p>\ + 

< |< e*^(n(.,e) -uo(.),(p >| 



(u(x,e)((e 



(i-e)A _ tA 



(i-e)A _ JA 



and e*^zs continuous on 5(M^). Then for any (p G 5(M^), we have 



u{.,t)ipdx+ (/ e'-^-'^^\Vu{.,s)\'^ds)pdx 



which extends to any p £ Co(M^) by density. Thus ()3.12p follows. 
Let us recall the main existence results using semi- groups: 
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• If 1 < g < (A^ + 2)/{N + 1), for any uq G AiiiM.^), from [TT|, there exists a weak semi-group 
solution u of problem p.Sp . obtained by approximation, and u G C^'^((5igjv The existence of 
a mild M solution is also proved in [H] from the Banach fixed point theorem, and the notions 
are equivalent from Lemma 13.111 In any case uniqueness results are obtained under additional 
conditions of punctual or integral conditions on the gradient. 

• If tio G U'{M.^), r ^ 1, and r > N{q - l)/(2 - q), which means q < {N + 2r)/{N + r), there 
exists a mild L*" solution of (13. Sp . and uniqueness holds in the class of pointwise mild solutions 
such that u G C([0,T) ;L'^ (M^)) n C((0, T); VFi'?'^ (M^)), from [14, Theorem 2.1]. Moreover if 
q < 2, there exists a pointwise mildsolution of (j3.8p for any r ^ 1 but uniqueness is not known for 
q < 2, see [14t Theorem 4.1]. For q > 2, existence holds under the restriction that uq is a limit of 
a monotone sequence of continuous functions, and is not known in the general case. 

Remark 3.12 All the definitions of semi- group solutions assume an integrahility property of\SJu\'^, 
global in space. Observe also that |3. i^gp is assumed for any Lp G Cf,(M^). On the contrary, our 
definitions of weak solutions are local in space, they do not require such global properties. 

Finally we mention another weaker form of semi-group solutions, given in ([14j). which will be 
used in the sequel: 

Definition 3.13 Letuo G A^^(M^). Then u is a pointwise mild solution of 113. 8\) ifu G Lj^^{Q^N j^), 
and \Vu\'i G Lj^ciQ^'^ ,t) ^ '^'^^ 

n(x,t) = (e*^uo)(x) - / / g{x-y,t- s)\Vu{y,s)\''dyds for a.e. {x,t) G Q^^n^t^ 
Jo JR^ 

where g is the heat kernel. 

Remark 3.14 For r ^ 1, it is clear that every mild U solution is a pointwise mild solution. If 
Uq G (R^) every pointwise mild solution is a mild solution; ifuo G 7W^(IR^), every pointwise 
mild solution, is a mild M solution, see 114\ Proposition 1.1 and Remark 1.2]. 

3.2 Decay of the norms 

Next we show a decay result for the solutions of Hamilton Jacobi equations, which is valid for any 
q > 1, and for all the weak solutions, with no condition of boundedness at infinity. 

When q ^ 2, any weak solution u of equation (II. ip is smooth: u G C^'^ {Qkn ^p) , from [T6| 
Theorem 2.15]. Since it may be false for q > 2, we regularize u by convolution, setting 

Us = U* Qs, 

where {Qe)e>o is a sequence of mollifiers. We recall that for given < s < r < T, and e small 
enough, Ue is a subsolution of equation (|l.ip . see [IB] : 

{Ue)t - l^AUe + \Vue\'' S 0, in Qr^,,,^ (3.16) 
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Theorem 3.15 Assume q > 1. Let r ^ 1. Let uq € L'^iW^) he nonnegative. Let u he any non- 
negative weak r solution of problem 13. 8\) . 

(i) Then u{.,t) G L*^ (M^) for any t G (0,r) , and 



u''{.,t)dx S / u^dx. (3.17) 

(ii) Moreover u''-^\Vu\'^ G Ll^{[0,T)-L^ (K^)); and u''-^\Vu\'^ e Ll^{[0,T) ; L^ (M^)) if r > I 
and ly > 0; and for any t S (0, T) , 



,t)dx+r [ [ u'''^\Vu\''dxdt+r{r-l)u [ [ u'~'^\Vu\^dxdt = [ u^dx, if r > I, 
Jo JR^ Jo Jr^ Jr^ 



(3.18) 



[ u{.,t)dx+ [ [ \Vu\''dxdt= [ uodx, ifr = l, (3.19) 

lim / u''{.,t)dx= / u^dx. (3.20) 

Jrn Jrn 

(Hi) u'i-^+'' G Ll^{{[0,T);W^^^ (K^)), and if u > 0, then u''/^ G Ll^{[0,T) ■,W^'^ 
(iv) If u is a weak LJ^^ solution, then u £ C([0,T) ; L^' 



Proof, (i) First step: case q' > N/r. That means r ^ N or q is small enough: 1 < g < 
N/{N -r). 

Let < s < T < T he fixed and e > small enough. Let 6 > 0, and u^^g = + 5. For any 
i? > 0, we consider ^(x) = ^r{x) = ip{x/R),whej:e iIj{x) G [0, 1] ,ip{x) = 1 for |x| ^ 1, ^'(a;) = for 
|x| ^ 2. Then multiplying (|3.16p by u^^^^'** where A > 0, we get 

f <4'dx] +{r- l)u [ ulf \Vue,s\'edx + [ \Vu,,s\'ulfedx 
dt \r J^N J J^N ' Jrjv 

and from the Holder inequality 

^ / I I Vel dx^l [ \Vu,,s\'ulfedx + C{q, A) / ulf^-'' I V^^' dx, 

/ ni-.Y-'' dx s ( [ ulsedxY' ll c^-'^' dxY\ 

JrN ' \J^N ) \J^N J 

Choosing A = rq' we deduce 



d 
dt 



[ n^,4'dx)]sc{q,x)([ mr'dxY^ scr'^-i' 

Jrn J } \Jrn J 



where C = C{N, q, a, By integration, for any 0<s^a<t^T 

l/r / \ l/r 



([ uls{.,t)edx) \ (j 
\Jrn J \Jri 
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N I 



with a new constant C as above. Let i?o > be fixed and take R > Rq, thus 

( [ uls{;t)dx] S( [ ulsi., a)edx) ^'^ + Cri?"-"' 
Then we make successively 5 — )• 0, and then e — )• 0. From (j3.9p . we deduce that 

u{.,tYd^ u{.,aY^^dxY +CtRt-i' (3.21) 

and then from (13 .Op we can make cr — )• and obtain 

f/ u{.,tYdx\ s( [ u{.,aYC^dx] ^ +CTRf-'i' S ( f uSdxV 

and finally we make i? — )• oo and then Rq ^ oo. 

Second step: case q' < N/r. Then r < N and q ^ N/{N — r) > 1. Then we fix some 
k G (1, N/{N — r)) . For any i] € (0, 1), we have ri\Vu\^ =r} + |Vu|'^, hence the function 

= ri^'^^~^\u - r]t) 

satisfies 

in the weak sense. Thanks to Kato's inequality, see [211 Lemma 1], jl], we deduce that 

{w+)t-Aw+ + \Vw+\''SO, (3.22) 

in D'{Q^N^rp). And has the same regularity as u, and moreover it satisfies an analogous property 
to dSi]): 

lim / {w+Y{.,t)i)dx= f {7]^/^''~'^^uoYi^dx, V^- G Cc(K^), (3.23) 

Indeed 



{{u-r]t)+Y -u''{;t))i^dx 



< 



\u{.,t) -r]tY -u''{.,t)\'iljdx+ / u''{.,t))'ipdx 



S rr]t / u'"^{.,t)7pdx + Cf 

Srr]t{[ u'{.,t)dxf'-''' {I i^^'dxY''- + Cf 



then 



lim 

t-5>0 



/ ((n -??*)+)'■ -n^(.,t))V'dx = 



and (j3.23p follows from (|3.9p applied to From the first step we deduce that w^{t) G 

U (R^) and 

{w+Y{-,t)dx^if'^''-^'^ [ u'odx. 
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Then \\{u — 'nt)~^\\Lr^^N^ S \\uo\\l-^(m.n-j ■ Then for any R > 0, since u ^ r]t + {u — r]t)'^ , 

ll'"(-'*)llL'-(Bfl) = \\uo\\Lr{RN)+r]t\Bn\'' 

Going to the hmit as r/ — for fixed R, we get t)||j^r(^^) S ll^ollLr(jRjv-) , then going to the 
limit as — 7- oo we deduce that u{.,t) G (M^) and ([STTll holds. 

(ii) Considering again Ui^^s as above, and setting = |Vu|'^ * f?^, there holds 
then 



di 



r[ ul-s'Vu,^s-yiC^)dx= [ uUm^)dx 



then for any < a < t < T, 



/ uls(..,t)edx + r f [ ul,Fee 



dxdt 



+r(r — l)v / u 



a-l 



\Vu,^sfedx= [ uls{.,<7)edx+ [' [ ulsMe)dx 



First we can go to the limit as e — 0, because u £ Lf^^{Q^N ^j') , and |Vu|^ G Lj^^{Q^N ^j') , and 
— \'Vu\'^ in L]oc{Qwl^ ,t) ■ Setting f ^ = u + 5, we obtain for almost any a,t, and in fact for any 
(T, t by the continuity, 



i-t 

v}{.,t)C^dx + r 



■[ [ vf\Vu\''i>dxdt 

+r(r-l)i// v'^-^\Vu\^i^dx= f vl{.,a)i^dx+ f [ v^sA{C^)dx 

Next we go to the limit as (5 — : from the Fatou Lemma we deduce that J^jv u'^~^ {Vul"^ xpdxdt 
and (r - J^^ n"-^ \Vuf ^^dx are finite, and then from Lebesgue we obtain the equality 

[ u''{.,t)i^dx + r [ [ u''\Vu\'^^^dxdt 

JrN J a Jr'^ 

+r{r-l)u [ n"-i|Vn|2^^dx= / u''{.,a)C^dx+ [ [ u''A{(^)dx. 

Jr'^ Jr^ J a Jr^ 

Next we go to the limit as o" — t- 0, from p.9p . In the same way we deduce that 

Jrn Jo Jrn 

+ar ( [ n"-^|Vn|2^^dx= / ul^{.,a)C^dx+ [ [ u''A{^^)dx 

Jo JrN JrN Jfj J^N 
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Now u{.,t) G L"" (M^) for any t G [s,r], and 

r f u''A{^^)dx [ u'{(j)dx 

and we can make i? — )• cxo. We get that 

/ / vJ'-^\Vu\'idxdt + {r f [ u'-'^\V ul"^ dxdt < oo 
Jo Jo JR^ 

and, from the Lebesque theorem, we deduce 

/ u''{.,i)dx + r f [ u°'\Vu\''dxdt + r{r [ [ u"'-^ \Vuf dx = [ u^dx (3.26) 
Jr^ Jo Jr^ Jo Jr^ Jr^ 

Hence (|3.18p follows, which implies directly (|3.'20p . 

(iii) Setting v = u"^ with m = {q - I + r)/q < r, we have |Vf;|'' G L}^^{[0,T) ; L^{R^)), and 
V G L°°((0,T);Lm (M^)). From the Gagliardo-Nirenberg inequality, we deduce that 

M-Mlhr^) S M;t)\\[-i^^^^\\Vv{.,t)C^^^^, ^ = 1 + ^- (3.27) 
Then by integration, for any < r < T, using Holder inequality. 



, vi(.,t)dxdt= / / < C(r) „ (/ / iVvlUxdt)^ 

Then u G L'^'^+''{Q^n^^), and v" = n9-i+^ G L^{{0,t);W^^^ (M^)), w G L9((0, r); VF^'^ (M^)). If 

> 0, we also have u''~'^\Vuf = |V(u''/^)|^ G L'^{Q^n and n*"/^ G L'^{Qf,N then u''/^ G 
L2((0,r);PFi'2(R^)). 

(iv) Here we assume that u G C([0, T) ; (R^) ). First assume r > 1. Then from a diag- 
onal procedure, there exists t„ — )• such that u{.,tn) — )• a.e. in M^, and tn)|lir(]gjv-) — >■ 
II^oIIli-(irjv)) and u{.,tn) — t- ^^o weakly in L** (R^) . Then it holds from any sequence, and u G 
C([0, T) ; L*" (R^) ). Next assume r = 1; let in ^ i G [0, T) . We have for any p > 0, 

\u{tn) — Uo\ dx ^ / \u{tn) — Uq\ dx + / \u{tn) — Uq] dx 

JBp Jr'^\B„ 

< 



\u{tn) — Uq\ dx + / u{tn)dx + / Uodx 

|u(tn) — liol + / u{tn)dx — / uodx + / — uo)(ix + / tiQlix 

^2 / — uqI dx + / u{tn)dx — / uodx + 2 / 

JBo JR^ JrJ^ JrJ 



uodx 

Br, 



And the result follows because J^n\b u^dx — )• as p — )■ oo, since uq G 



The decay result is also available for initial data measures, where we do not assume that 
q<{N + 2)/{N + 1) : 
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Theorem 3.16 Assume q > 1. Let uq G Jv['^{M.^) and u he any non-negative weak Mioc solution 
of equation iS. 8\) in Q^n Then u{.,t) G (M^) for any t > 0, and 

(3.28) 
(3.29) 

JR^ JO JM^ 

and 

(3.30) 



u{.,t)dx ^ / duo- 
Jm 

Moreover ue C{{0,T);L^ (K^)), |Vm|« G Li„,([0, T) ; (M^)) and 

/ u{.,t)dx + / / |Vn|''dx(it = / duo, 
Jrn Jo Jrn jjjiv 

lim / u{.,t)fdx = / ipduo, V(/9 G Cb(M^) 
Proof. We obtain in the same way, as in (j3.2ip . 

/ u{.,t)dxS [ u{.,t)i^dx<, f u{.,a)i^dx + CTR^~'i' 

Jsag Jrn Jrn 

and we can go to the Umit as o" — ?• from (j3.10p . then 

/ u{.,t)dxS [ i^duQ + CrR^-'i' <, ( duo + CrR^-'^' 
Jbr,, Jr^ Jrn 



Then going to the Umit as i? — )■ oo, and then as -Rq ~^ oo, we deduce that (j3.28p holds, and 
we still obtain (|3.29p holds. And u G C((0,T);L^ (R^)), from the Lebesgue theorem, because 
u G C{{0, T); Ll^ (M^)), and u G L°°((0, T); (M^) ) 

Let us show (j3.30p : let ip G C(,(M^) be nonnegative, we can assume that ip takes its values in 

[0, 1] . Let tn — )• 0. We know that lim Ljv u{.,tn)dx = / duQ. Let ipp S ^(M^) with values in [0, 1] , 

Jrn 

ippix) = 1 if \x\ ^ p, if \x\ ^ 2p. Then for fixed p, lim f^^ u{.,tn)'pippdx = / (fil^pduo- Let rj > 0. 

Jrn 



u{.,tn)<pdx — / ifdUQ 



u{.,tn)(pippdx - / ipippdUQ 



if{l-'ipp)duo+ u{.,tn)<f{l - '4'p)dx 
' Jrn 

and / (1 — '>pp)duo — )• as p — )• oo from the Lebesgue Theorem, then for some prj we have 

Jrn 

/ (1 — i{jp)duo ^ 77. As n — >■ 00, 

Jrn 

tpPndUQ = (1 - i^pJdUQ 

' Jrn 



u{.,tn){l - i^pjdx 



Then f^^f u{.,tn)^{l — i^pn)dx ^ 2p^ for large n, and 
large n, hence we majorizate by 4r/, hence the result. 



f^Nu{.,tn)iptlJp^dx - / ipt/jp^duQ 



^ Pri for 
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3.3 Regularizing effects 

Here we deduce of the decay estimates a regularizing effect without any condition at oo, achieving 
the proof of Theorem ll.li 



Theorem 3.17 Let q > 1. Let r ^ 1 and uq G L''{R^). Let u be any non-negative weak L\^^ 
solution of problem (ESi in Q^n^t Then u{.,t) G L°°(M^) for any t G (0,r) and 

\\u{.,t)\\L^iRn S Ct---||no||^;-^), (3.31) 

where C = C{N,q,r) and (Tr,q,N-,'C0r,q,N o,re given by 

1 rq 

0'r,g,N = Tq— " ^r,q,N = ^Crr,q, if Q < (3.32) 

and 

N 

Ik(->*)IIL->(IR^^) = C'*~2F||uo||ir(jj]V), ifiy>0,2<N. (3.33) 
where C = C {N, q,r,i>). 

Proof. Since n is a weak LJ^^ solution, then u G C{[0,T) ; L^ (M'^)), from Theorem 13.151 thus 
for any ^ s < T, u is a weak r solution in Q^n g rp-^ and J^n u^{s)dx < oo with r ^ 1; for any 
s ^ t < T, and for any a ^ such that J^n u°'^^{s)dx < oo, applying Theorem 13. 151 to u starting 
at point s, denoting /3 = 1 + a/q, we have 
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, u''+\.,t)dx+ / \V{u^)\''dxdtS / u''+\.,s)dx (3.34) 

a + l J^N Js Jj^N a + l J^N 

and u^{.,t) G L'^((5]RJv,s,r) foi" a.e.t. 

(i) Proof of (j3.3ip . First suppose q < N. Then from the Sobolev injection of W^''^ (M^) into 



LI 



n"+^(.,t)dx + %^ / ( / u'^'^\.,t)dx)^)dtS^—r I u''+\.,s)dx 



a + l J^N 131 Js Jrn a + l 

so that we can apply Lemma [2.2l with m = q and 9 = N/[N — q) and deduce ()3.3ip . If g ^ we still 
obtain (I3.3ip . with ar,q,N = l/(^ + '' — 1) = '^r,q,N /f il q > N, and ar,q,N = l/(-^(l — 6) + r — 1) = 
■c^r,q,N/r{l - 5) if q = N, where 5 G (0,1) is arbitrary. Indeed, if g = iV,then W'^'i {R^) C 
Lq9 (i^Af) for any 9 > 0, and Lemma O applies. U q > N, W^^^ (M^) C L°° (R^) , and then 

t I-)- ||ii(.,t)||^^|.jjjv) = lk(-iOllitr(KA') is nonincr easing, thus for any r ^ 1, from (!3.34p . 

/ u'{.,t)dx + CN,Nrt\\u{.,t)\\'i'l^Z}j^< / u^dx. 
JrJV ^"^ Jrn 

(ii) Proof of (I3.33p . Assume > 0, > 2. For any a > such that J^m u°'^^{s)dx < oo 



u''+\t)dx + ^u I I V{u^) dxS^-r I u''+'{a)dx 



a 



a + l Jrn /32 



a + l 



.a+l/ 
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where /3 = (a + l)/2; and G L2^^((0,r); W^^'^ (R^)). From the Sobolev injection of VF^'^ (M^) 
into L^* (M^) , we get 



a + 1 Jf,N /32 7j,jv a + 1 

First suppose r > 1. Then we can apply Lemma [2.2l with Co = (r — l)CArz^, q = 2,9 = N/{N — 2) and 
A = -1, since (3 = l + (a-l)/2, and r > A^(l-2+l)/2, and obtain (lOHl) . Next assume r = 1. Then 
u G C7([0,T) ;Li(R^)) n L^^((0,r);L°°(M^)) because of estimate (imi) . then C([0, T) ; L^(IR^)) 
for any p > 1, for example with p = 2, and ||^i(-,i)||Li(iRiV) is nonincreasing, from Theorem 13.15^ 
hence we can still apply Lemma 12.21 on (e, t) for < e < t < T 

N N 

\W{;t)\\Lo^mN) S C{t - e)~^\\u{.,e)\\LimN) S C{t - ey^Wuohi 



Then we stih obtain ([HTHH]) with C = C{N, q, r,v). ■ 

Remark 3.18 If N 2 we obtain similarly that \\ ^ Ct '^ll^oll^r(igjv) with a = 

1/r = w/r if N = 1, and a = l/(r - 2(5)=ro/r(l - 5) if N = 2. 

Remark 3.19 As a consequence, for any k ^ l,q < N, 

\W{;t)\\Lkr^^N) ^Ct -l^WuoW^t^^N), (3-35) 



AT 



\\u{-,t)\\Lkr^^N-^ S Ct 2^\\uo\\Lr(^N), if V > Q . (3.36) 

Indeed it follows from Ii3.17\ ) and 113. 31\) . 113. 33\) by interpolation 

Remark 3.20 If q S 2, then u £ C^'^ {Qrn j-^ , from the regularity result of 11 6^ Theorem 2.12]. 
In this case we do not need to introduce the regularization by u^; we only need to introduce 
u + 5, when r > 1 and make (5 — )■ 0. 

In case of initial data measures, we obtain in the same way: 

Theorem 3.21 Assume q > I. Let uq G A^^(M^) and u he any non-negative weak Aiioc solution 
of equation \3. ^|) in Qj^N ^.Then 

\\u{.,t)h^(^^N)SCt-'''H[ duor^'^, 
where are given at i3.32\} . and C = C{N,q). Moreover if ly > 0, with C = C{N,q,i'), 

\\u{;t)\\L°°(M.N) S Ct'^ duQ. (3.37) 
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Proof. Taking e > 0, we have for any t ^ e, 

\\u{.,t)U^^^M)SC{t-e)-''^\u{.,t)\\l\^^^^SCit-e)-''^{I^Juor 
and then we make e — t- and deduce the estimate. If > 0, we also obtain for t > s > 

\\u{;t)\\L^/^N) S C{t - s)~^ / u{.,s)dx 

and going to the hmit as s — )• 0, we deduce (j3.37p . ■ 
Remark 3.22 Up to now, the decay estimate jjj^.lT^ and the L°° estimate °jl\) of u were proved 



in case uq G Cb (M^) n (M^) and for the unique bounded solution u of problem 13. 8\} . and based 
on the estimate ^3. 2\) given in J14\ Theorem 5.6]; indeed ^3.31\) follows from the Gagliardo-Nirenberg 
estimate: 

N r N r 

M-,t)\\L^(js,N) S ||Vu(.,t)||^+^jjjv)lk(-,t)ll^r'jRiV) S C{q,r)\\u{.,t)\\l^^+^l,^\\uo\\^r\^Ny 
3.4 Further estimates and convergence results for q ^2. 

Here we consider the case 1 < q ^ 2. From the L°° estimates above, and the interior regularity of 
u, we deduce new local estimates and convergence results: 

Corollary 3.23 Assume 1 < q ^2. 

(i) Any nonnegative weak L^^^ solution (resp. Mioc solution) u of problem \3. ^) with initial 
data UQ e U{R^), r ^ 1 (resp. uq G M^{R^)) satisfies u E C^'\Q^n^t) n L^,((0, T) ; C7b(M^)). 

(a) Let (tio,n) be any bounded sequence in L'~(]R^), r ^ 1 (resp. in 7W^(IR^)). For any n G N, 
let Un be any nonnegative weak L[^^ solution (resp. Mioc solution) of problem i3.8\} with initial 
data no,n- Then one can extract a subsequence converging in Cf^{Q^N x) to a weak solution u of 
in Q^N^rp. 

Proof. From [161 Theorem 2.16] there there exists 7 E (0,1) such that for any nonnegative 
weak solution of equation (jl.ip u in Q^n ^ and any ball Bji C , and < s < t < T, 



where C = C{N, q, R, s, r) and <I> is a continuous increasing function. From estimates (j3.3ip . p.37p . 
we deduce that u G L°°((0, T) ; Cb(M^)) and 

^ C^>(||no||ir.(iRiV)), (resp. \\u\\^2+^,i+-,/2^q^^^^^^) S C<i>{J^^ duo) (3.38) 

and the conclusions follow. ■ 
We also deduce global gradient estimates in : 
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Corollary 3.24 Assume I <q-^2 (i) Let uq G L^'iR^), r ^ 1. Then any weak L^i^^ solution u of 
problem \3. 8^) satisfies 

||Vn(.,t)||ioo(MiV) ^ Ct-''-ho|lI;(V), (3.39) 

N + r 
Vl 

and iV'ul'' e L~ ((0,r);L'^(M^)), and 



^"■'"^ rq + N{q-iy ^"'^ rg + iV(g - 1) 



\Vu{.,t)rdx S Qt-'(i+--(^-i))||«o||^Atr-t^'"'^^' (3-40) 



^nc? for ly > 0, 

\\Vui.,t)\\L^^^N) S Ct-l^^r+^^\\uo\\l.^^y (3.41) 



\vu{.,t)rdx s ('?-i))||nor,:,„^,, (3.42) 



moreover if q < 2, u is a pointwise mild solution. 

(ii) Let Uq G Al^(M^). T/ien any wea/c Adioc solution of 113. 8\) satisfies 

\\Vui.,t)\\L^^j^N)SCt-^^"'{[ duor^-, 

JRN 

and \Vu\ G L^J(0, T); L«(R^); and for v > 0, 

\\Vu{.ML^(wn ^ Ct-\^'^+^\ j duof/'i. 
As a consequence, in any case u is defined on (0,oo). 

Proof, (i) Let uq G L''(M^), r ^ 1. Then for any e > 0, u{.,e) G Cb(M^), from Corollary 
[3:231 From M is the unique solution v such that v G C^'^ (M^ x (e,T)) n C;, (M^ x [e,r)), 
and v{.,e) = u{.,e)] since v G C^^ (j^N ^ (g^r)), we deduce that u G C^^ (irA^ x (0,r)); and for any 

!!'"(•, *)IIl°°(rJV) S \\ui.,e)\\Loo(^N), \\Vu{.,t)\\Loo^^N) S l|Vn(.,e)||ioo(KiV), 

and 

|V'u(.,t)|9 ^ C^g^J^j, a.e. in M^. (3.43) 

From the decay estimates, we also have ||'ii(., e)||2,r(]g]v-) ^ ||^^o||l''(m^)- ^'^d u{.,e) G L''(R^) for any 
f G [r, 00] , and li G C([e, T) ; L''(R^)). Going to the limit in as e 0, we deduce H^:^ from 

dMID, and (f3:iT1) from ([3^3]) . Moreover |Vn|'=' G L^^((0, T); L''(M^)), since 

l|V<,t)k,.(M^)^Ct-i/'?||no||i{,';j,^). 



21 



More precisely we get from estimate ()3.ip . 



|V(^x'T^(.,t)||ioo(MiV) ^C,(t-e)-V2||n(.,e)ii ^ 



9-1 



then from estimate ()3.33p . for any t G (0, T) , with other constants Cq, 

|V^(.,t)r^C,t-'^/2||u(.,^)|iri(^,)n(.,t), 
then from estimate (j3.3ip we get 



then (f3:i0|) follows. 

Assume that > 0; then (I3.42p follows from ()3.33p . Moreover, from \30\ Theorem 6], u{.,t) G 
C|(M^) for any t G (e, T) , in particular u{., 2e) G C|(M^), then for any t ^ e, and any x G M^, 

u{x,t) = e^^-^''^'^u{x,2e) - [ [ g{x - y,t - s)\Vu{y, s)\'^dyds, (3.44) 

see for example [6i Proposition 4.2 ]. But u{x, 2e) converges to uq in L''(M^), and then e^^~'^'^^'^u{., e) 
converges to c^^uq in L''(M^). Then we can go to the limit as e — )• in (|3.44p . for a.e. x G 
the integral is convergent, then ti is a pointwise mild solution. 

(ii) For Theorem 13. 161 we have u{.,t) G L^(R^) for t ^ e > 0, which gives from (i) 

and then we go to the limit as e 0. And |Vn| G L^^((0, T); L'?(R^), since 

||Vn(.,t)||i,(K-)^Ct-i/'?(/ duo)'/". 



And the estimates (|3.40p and (|3.42p hold with r = 1 and H^iollLifRJv-) replaced by / duQ. ■ 
3.5 Existence and uniqueness results for q <2 

Let Uq G L'"(R^), r ^ 1. We first consider the subcritical case q < {N + 2r)/(N + r), equivalently 
g < 2 and r > N{q - l)/(2 - q). 

Theorem 3.25 Let uq G L''(IR^), r ^ 1. Suppose 1 < q < {N + 2r)/{N + r). Then any weak L\^^ 
solution u of problem 113. 8\) satisfies 

|VnrGLL([0,r);L'^(M^)). (3.45) 

And 

u is a weak L^^^ solution <^=^ u is a mild V solution. 
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Proof. Let u be any weak L[^^ solution. Then from ()3.40p . 



f 

Jo 



' ' Jo JM.'^ Jo 



with C = Cq\\uo\flr^,^N'f'^ and q/2 + ar,g{q - 1) < 1 is equivalent to q < {N + 2r)/{N + r); 



if > 0, the estimate ()3.42p leads to the same conclusion, since q/2 + {q — l)N/2r < 1 is still 
equivalent to g < (A^ + 2r)/{N + r). Then p.45p holds. Moreover from Corollary 13.241 u is a mild 
pointwise solution: 



u{.,t) = e'^uoi.) - / g{x-y,t-s)\Vuiy,s)\'^dyds; (3.46) 
Jo JR^ 

and u G C([0,r) ;L'' (M^)) from Theorem EUl and / = |Vn|^ G LI^{[0,T) ; U (R^)), thus the 
relation (ISliSjl holds in L''(M^), 

u{.,t) = {e'^uo)- [\^'"'^^\Vu{.,s)\''{s)ds inL^(M^), (3.47) 



^0 

that means li is a mild L^solution. Conversely it is clear that any mild L*" solution is a weak 
solution. ■ 

Next we deduce the uniqueness results of Theorem II. 2i 

Theorem 3.26 Let uq G L'^{R^). Assume 1 < q < {N + 2r)/{N + r), or q = 2. Then there exists 
a unique weak L'l^^ solution u of problem ^S^. In the first case, u G C((0,r); W^''^'' {R^)). 

Proof, (i) Case \ < q < {N + 2r)/{N + r). From [14, Theorem 2.1], there exists a mild 
U solution, then it is a L^^^ solution. Let us show the uniqueness. Let u be any weak L[g^ 
solution, thus n is a mild U solution, from Theorem E^Sl And u G L~((0, T); L''(M^)) from 
Theorem Eia and u G L~ ((0, T); l^^'^^' (M^)), since \Vu\ G L^^((0, T); L^*^ (M^)) from Theorem 
[325] and u G L^^((0, T); L^^' (M^)) by interpolation. . Then we enter in the class of uniqueness 
u G L,^^((0,T);Tyi'«'^ (M^)) required in [M Lemma 2.2 and Remark 2.5]. Thus u is unique, and 
satisfies u G C((0, T); iyi'«^(M^)), from O Theorem 2.1]. 

(ii) Case q = 2. From [H| Theorem 4.2] there exists a unique solution u such that u G 
C{[Q,T)]U (M^)) n u G C2'i((Qigiv_oo) solution of ([Ll]) at each point. Then it is a weak L[„^ 
solution. Reciprocally any weak L[^^ solution u satisfies the conditions above, from Theorem 13.151 
and [H Theorem 2.16]. ■ 

Theorem 3.27 Assume that I < q < {N + 2)/{N + 1). Let uq G M^{R^). Then there exists a 
unique weak Mi^c solution of problem i3.8\) . 



Proof. The existence of a weak semi-group solution was obtained in [llj by approximation. 
The existence of a mild M solution was proved in [14:\ Theorem 2.2], and the two notions are 
equivalent from Lemma 13.111 In any case the solution is a weak A4ioc solution. Next consider 
any solution M-ioc solution u. Then u{.,t) G L°°{R^) for any t G (e,T) by applying theorem 
13.171 from e/2. Then again we deduce u(.,e) G Ci,{R^), then ()3.43p . From Theorem 13.151 we 
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obtain again that u G L'^^{{0,T);W^''^ (M^)). And moreover from the uniqueness after e, we have 
u G C((e,r);H^^'9 (R^)) from Theorem ESS Then u G C((0,T); VF^'"? (M^)). And u satisfies 
(j3.30p from Theorem I3.16[ Then u is a weak semi-group solution, then a mild Ai solution from 
Lemma 13.111 Then we enter the class of uniqueness of [14^ Theorem 2.2]. We can also prove the 
uniqueness directly: if ui,U2 are two solutions, since they are mild M. solutions, we have 

{ui-U2){.,t) = [\('-''>^{\Vni{.,s)\'i -\Vu2{.,s)\'')ds 
Jo 

and we know that |Vujf G C((0, T); L'^(M^)), hence 
\\V{ui-U2){.,t)\\L^r(^^N^S [ V(e(*-^)^) |||Vni(.,s)r-|VtX2(.,s)n|^,.(R^)ds 

JO L (K ) 

S C fit - ,)-i/2,-(.-i)^^i„ ||v(^i - U2){., ds 



and we can apply the singular Gronwall lemma when 2 < (g — l)t?i^g, which means precisely 
q < F+f • Then V{ui - U2){.,t) = in L'?'' (M^) , hence ui = U2. ' ■ 

Finally we give a short proof of the existence result of [T4l, Theorem 4.1]. 

Proposition 3.28 Let 1 < q < 2. For any nonnegative uq G L^{M.^),r > 1, there exists a mild 
point-wise solution u of problem \3.8\) . and u G C([0,T) ;L''' (M^)). 

Proof. Let no,n = min(tto, n). Then uo,n £ -L^(M^) for any p > r. Choosing p > N{q—l)/{2—q), 
that means q < qp, from [14^ Theorem 2.1], there exists a mild solution Un with initial data 
iio,n, and Un G C((0,T); C^(M^)) Pi C'^'^{Q^n ^). Then (m„) is nondecreasing from the comparison 
principle, and Un{.,t) < e*^no < Ct^'^^'^^ \\uo\\j^r^-^Ny From Corollary 13.231 (n„) converges in 
^ioc (Qk'v t) to a weak solution u of (jl.ip in Qjgiv and M(.,t) < e^^UQ. Moreoever (|Vm„|'') is 
bounded in Lj^^ {[0,T) ; Lj^^(R^)) : indeed for any ^ G 'D^(M^), with values in [0, 1] , and any 
< s < t < T, 

/ Un{t,.)e'dx+ f [ \VUnVe'dx<,-(i f f ^'^'^^V Un-V ^dx + [ Un{s,.)e'dx 

JRN Js J^N Jg J^N J^N 

[ I \VUn\'l^'^'dx + Ct [ \VC\^'dx+ [ Un{s,.)e'dx 

2 Js Jr^ Jr^ Jr^ 

and Un G C([0, T) ; (M^)), thus we can go to the limit as s — )• : 

/ Un{t,.)i''' dx + \ [ [ iVunl^^^'dx^Ct [ \V dx + [ UQi'i'dx. 

JRI^ 2 Jg JrJV J^n Jrjv 

Thus \Vu\'' G L^Q^ ([0, T) ; L^^^^(]R^)) , hence, from plT, Proposition 2.11], u admits a trace as 
t — )• : there exists a Radon measure //q in 1^^, such that u{.,t) converges weakly* to pQ. And 
e*^no converges to uq in L''(]R^), thus ^0 ^ ^Lc(^^) ^^'^ < ^0 ^ ^0; and Un < u, thus 
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^o,n ^ MO) hence fiQ = uq- Also there exists a function g G L'"(M ) such that u{.,t) ^ for small 
t. Then the nonnegative function e*^no — u{-,t) converges weakly* to 0, and then in Lj^^{M.^). 
Hence u{.,t) converges to uq in Ll^^{M.^), then in L'^{Q) from the Lebesgue theorem. Thus u E 
C([0, T) ; (M^)). In particular u is a weak LJ^^ solution, then a pointwise mild solution, from 
Corollary EM ■ 

Remark 3.29 The uniqueness of the solution is still an open problem when uq G L''(R^) and 
q ^ {N + 2r)/{N + r). 



3.6 More decay estimates for g < (A^ + 2r) /{N + r) 

Here, we exploit theorem l3.15l to obtain a better decay estimate of the norm when uq G U 
and q < {N + 2r)/{N + r), which appears to be new for r > 1. In case r = 1 we find again the 
result of [2], proved under the assumption that the energy relation Ii3.29\) holds. 

Theorem 3.30 Letr ^ 1 and 1 < q < (N + 2r) / (N +r) . Letu be any non-negative weakr solution 
of problem i3. 8\) with uq G L'^(K^). Then there exists C = C{N,q,r) such that for any t G (0,T) 

u''{.,t)dx <C{f u'Q{x)dx + 1-^ , a = ^—^. (3.48) 

J{\x\>Vt} 9-1 

As a consequence, limj ^^o ll^^(*)llL'-(M^f) = ^.''T'd 

poo r poo p p 

r / u''~^\\/u\'^dxdt + r{r-l)iy / u''~'^\Vu\'^dxdt = / u^dx. 
Jo Jrn Jq J^n J^n 

Proof. We still consider v = u"^ with m = {q — 1 + r) / q < r. Let E{s) = J^^ s)dx, thus 
from the energy relation (Hmi) of theorem ESI E G W^'^{{0,T)) and for almost any s G (0,r), 

E'{s) = -r{r-l) [ |Vu|2u'^-2(.,s)dx- / \Vu\''u'^-\., s)dx < 0. 

Next, we set E = Ei+ E2 with Ei{s) = /||^|<2_r} ^''(^j s)dx, E2{s) = /||^|>2ij} u^ix, s)dx. From the 
Gagliardo-Nirenberg inequality (j3.27p . we obtain successively 

r 

Ei{s)=[ v^{x,s)dx<l[ v'i{x,s)dx] {2R)^'^ 

J{\x\<2R} \J{\x\<2R} J 

SC\\Vv{s)\\f,^^^^\\v{s){p^^ 

S^\\vis)\\-,^^^,^+CiN,q,r)\\Vvis)\\-^^^^R^'^'-^^\ 



thus 



E{s) S Ci\\Vv{s)\\-^^^^R^^'-^^'^ + 2E2{s)). (3.49) 

Consider two smooth cut-off functions 77 with values in [0, 1] , such that 93 = 1 in with support 
in and ?] = 1 — 99, and put (pi{x) = fij), rjRix) = ?/(■§)• As in the first step of theorem 13.151 
we obtain for any 0<cr<s<t<T, and / > 2R, 

1 1 
{I u^{.,s)^URdx\ <( I u'{.,a)^URdx\ +C{s-a){RT-'i' +l'^-'i'), (3.50) 
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with A = rg' Noting that our assumption on q imphes N < rq' . As o" — ?■ and / — >■ oo. we deduce 



u'{x,s)riRdx] < ( / ul{x)i]Rdx 
J \Jm 



N I 

+ CsR--'^ , 



hence, taking R = \/t, and setting 

_ N - rq' _ {N + 2r) - q{N + r) _ ar - N 

we find 

UQ{x)dx + r'' 



E2{s) < A{t) = C ( I 

\J{\x\>Vt} 



where with a new constant C. Next, we set F{s) = E{s) — 2A{t). Either there exists to ^ (Oi^) 
such that F(to) < 0, then F{s) < 0, Vs G (to,t), thus by continuity, E{t) < 2A{t), hence (fOH]) 
holds. Or F{s) > 0, Vs G (0,t). Since 

-F'{s)> j \Vu\'^u''-^ix,s)dx= [ \Vv{x,s)\^dx (3.51) 

it follows from ([09]) that ^ C(-F'(s)) ""itzfe*.^ Thus by integration 

C7(t - s)t~^^^'^^^ S F{t)-^ - F{s)^. 

Then as s — ;> we get F{t) ^ CfP, since p = r/{q-l) - N/2k, and (jOSl) still holds. ■ 

Remark 3.31 The case r = 1 has been the object of many works, assuming that uq G LI(M^) n 
M/i'~(M^). There holds limj_^oo ||^i(i)||Li(iR^) = if and only if q < {N + 2)/{N + l), see 0/, 07]/ . 
l^, jl29f . When q < {N + 2)/{N + 1), the absorption plays a role in the asymptotics. From if 
lim\x\^oo l^^r '"0(3;) = 0, then u{.,t) converges as t — )• cxd to the very singular solution constructed 
in 135^ . /j^l /. In that case J^f^ u{.,t)dx behaves like for large t, and estimate ^3.48^ is 

sharp. If q > {N + 2)/{N + 1), and uq G L^(M^), then u{.,t) behaves as the fundamental solution 
of heat equation, see j^. 

Our result is new when no G L''(R^), r > 1 and uq ^ L\R^). When q > {N + 2)/{N + 1), 
and Uq is bounded and behaves like \x\~^ as \x\ — t- 00 with b G {a,N), it has been shown that u{.,t) 
behaves as the self similar solution of the heat equation with initial data \x\~^ , see jiTf . In that case 
uq G L'"(M^) for any r > N/b and J^f^ u^{.,t)dx behaves like t-^ibr-N)/2 ^ Thus (3^4^ sharp as 



4 The Dirichlet problem in Qn^r 

Here we study equation (jl.ip in case of a regular bounded domain Q, with Dirichlet conditions on 
dQ X (0,r), with u = 1: 

. ( ut - Au+\Vu\'i =0, in Qqt, -,n 
(^^'^)\ n = ondnx{0,T), ^^'^^ 
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Let us recall some well-known results in case of smooth initial data. For any nonnegative 
uo G Cq (fi), there exists a unique solution u G C^'^ ($7 x (0,oo))n C [Q x [0,oo)) , such that 
|Vm| S C (rj X [0,00)) . Universal a priori estimates are given in [23j: there exists a constant C > 
and a function D £ C((0,oo) such that 

t) S C{1 + on), I Vn(., t)| ^ (4.2) 

The estimate on u is based on the construction of supersolutions, and the estimate of the gradient 
is deduced from the first one by the Bernstein technique. 

As in section [3l we study the problem with rough initial data, and introduce different notions 
of solutions. 



4.1 Solutions of the heat equation with data 

In the following, since the regularization used at Section does not provide estimates up to the 
boundary, thus we use another argument: the notion of entropy solution, introduce din [36], for 
the problem 

ut- Au = /, in Qn,s,r, 

n = ondnx (s,r), (4.3) 
u{., s) = Us ^ 

when / and Us are integrable, that we recall now. For any A; > and ^ G M, we define as usual the 
trucation fonction and a primitive Gfc by 

Tk{e) = max{-k,mm{k,6)), 6^(5)= / n{e)de. (4.4) 

Jo 



Definition 4.1 Let s,r € M with s < r, and f G L^{Qq,s.t) cLnd Us £ L^{Q). A function 
u G C([s,r] -^L^iyt)) is an entropy solution of the problem |^.3D if and for any k > 0,Tfc(M) G 



L'^{{s,T);W^'^{n)) and 



J^Okiu - ip){.,T)dx - J^Qk{us - ^p{-,s)dx + {ipt,Tk{u - ip))dt , . 

+ Is U^u.vniu -if)- fn{u - ip)dxdt < ^ 

for any tp G L'^{{s, r); W^''^{Q)) H (Qn,r) such that ipt G L^{{s, r); W-^^^{Q)). 

Other notions of solutions have been used for this problem, see recalled below. In fact 
they are equivalent: here e*^ denotes the semi- group of the heat equation with Dirichlet conditions 
acting on (Q) , 

Lemma 4.2 Let -oo<s<r<oo, / G L^{Qq^s,t), Us £ L^{fl) and u G C {[s , t] ; L^ {i})) , 
u{.,s) = Us- Then denoting the three properties are equivalent: 

(i) u is a weak solution of problem ( [^.3[ ) in Qn^s,T, that means u G Lj^^{{s,T);WQ'^ (Jl)) and 

ut-Au = f, tnV'{Qn,s,T)] (4.6) 
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(ii) u is a mild solution of that means, for any t G [s,r] , 

= e(*-^)V+ f e^'-''^^f{a)da tn (Q) ; (4.7) 

J s 

(Hi) u is an entropy solution of ( [^.gp . 
Such a solution exists, is unique, and will be called weak solution of j^.^l ). 

Proof. It follows from the existence and uniqueness of the solutions of (i) from [J Lemma 3.4], 
as noticed in ^7j, and of the entropy solutions, see [18]. ■ 

As a consequence, when u is bounded, we can admit test functions of the form : 

Lemma 4.3 Let s,r G R with s < r, and f £ L^{Qn,s,T) cmd u be any nonnegative bounded weak 
solution in Qq,^s,t of \4-'^ - 

Then for any a > 0, we have u"^^ |Vn|^ G L^{Qn,s,T) (^nd 

^ ^ u''+\.,T))dx + a [ [ u""-^ iVul"^ dxdt = [ u''+\.,s))dx+ [ [ fu'^dxdt. 



ot + 1 Jn J Jq^ ^ ^ a + 1 Jq Js Jn 



(4.8) 



Proof. There holds u G ^^((s, r); '^(O)) n iQn,s,r) , and ut G L'^{{s,T);W~'^''^{n)) + 
(Qr2,s,r) 1 then any function if G L'^{{s, r); Wq''^ (Q)) (1 {Qn,s,T) is admissible in equation ()4.6p . 

In particular for any a > 0, we can take if = M^^siu) = (u + d)" — 5°^, with 5 > 0. Integrating on 

[s,t] we deduce that 



<ut,ip> +a / (n + (5)""^ I V-ur dxdt = fMa,5{u)dxdt. 
J jQn,a,T Js Jq 

Let k > such that supg^^ ^^u ^k, thus u = Tf^{u). Moreover the function 6 i— )• M{9) = {Tk{0) + 
(5)" — (5" is continuous on M+and piecewise such that M(0) = and M' has a compact support. 
Denoting Ma,s{r) = (u + (5)"+V(a + 1) - 5° n, we can integrate by parts from |28[ Lemma 7.1], 
and deduce that 

I Ma,siu)i;T))dx- [ Ma,siu)i.,s))dx + a [ [ {u + 6)°'-^ \Vu\'^ dxdt = [ [ fM^^s{u)dxdt 
Jn ' Jn ' J JQa,s,T Js Jn 

and then we go to the limit as 5 — )• from the Fatou Lemma and then from the Lebesgue theorem. 
Thus I^SM holds for a > 0. ■ 



Remark 4.4 From fEE/, the notion of entropy solution of (f^.^D is also equivalent to the notion of 
renormalized solution, that we develop in Section 0. Lemma \4.3\ is a special case of a much more 
general property of the truncates when u is not necessarily bounded, see Lemma \5.4\ 
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4.2 Different notions of solutions of problem (-Df7,r) 

Definition 4.5 We say thay u is a weak solution of the problem {Dq^t) ifu G ^^((0, T);L^ i^))^ 
^L((0'^);^o'^ (^))' •^^'c/i that |Vti|5 G Ll^{{0,T);L^ {Q)) and u satisfies 

ut- Au + \Vu\'^ = 0, inV'{Qn,T)- (4.9) 

Next we study the Cauchy problem 

- An + |Vu|'^ = 0, in Qn,T, 
u = on (9f] X (0,T), (4.10) 
ii(3;, 0) = uo ^ 

with no G L** (il) , r ^ 1, or only G 7V(^(il). Here in any case no G 7V(^(il). 

Definition 4.6 //no G L'"(il), r ^ 1, we say i/iai u is a weak U' solution of problem i/ii is 

a weaA; solution of {Dq^^t), such that the extension ofu by uq at time satisfies n G C ([0, T) ; L^{Q)). 

Definition 4.7 For any no G A^^(O), n;e say that u is a weak Ai solution of problem i/ it 

is a weak solution of (D^i^t), such that 

lim / u(.,tUdx= / il^duo, VV' G Cfe(J7). (4.11) 

Some semi-group notions of solutions have been introduced in [7], for any nonnegative no G 
^A^{fl). Here e*^no = j^gQ{.,y,t)duQ{y), where qq is the heat kernel with Dirichlet conditions on 

Definition 4.8 For any uq G 7W^(0), a function u is a mild solution of problem jQ| ) if 
ueC{{0,T);L^ {n)), and\Vu\'i e Ll^{[0,T);L^ (n)) and 

u{.,t) = e^^uo{.)- [\'^*-'^^\Vu{.,s)\ids inL^n), (4.12) 
Jo 

Remark 4.9 As it was shown in /7, p. 1420], from Lemma \4--S\ u is a mild solution if and only if 
u is a weak 7W solution such that \Vu\'^ G L\^^{[{),T) ; L'^ {^))', and then u G Lj^^{[0,T) ;Wq'^ (^))- 

Remark 4.10 As in Remark Vj.l^A the definition of mild solution requires an integrability property 
of the gradient up to time 0, namely |Vn|'^ G L\^^{^,T) ; i^))- The definition of weak solution 
only assumes that |Vn|'^ G Lj^^{{0,T); i^))- 

4.3 Decay and regularizing effect 

Here Q is bounded, then the situation is simpler than in M^, because we take benefit of the 
regularizing effect of the semi-group e*^ associated with the first eigenvalue Ai of the Laplacian, 
and also since L''($7) C L^{Q,). 
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Lemma 4.11 Let g > 1, and uq G Uiyt), r ^ 1. 1) Let u be any non-negative weak L"^ -solution 
of problem ^.IC^ . 

(i) Then u{.,t) G L°°{^}) for any t > 0, and 



M.,t)\\Lr^n) S Ce-^^'Wuohrin), \\u{.,t)\\L^^n) S Ct-^e-^i*||no||i.(n). (4.13) 
(ii) Moreover \Vu\'i G Lj^^{[0,T) ; L^ (Q)), and 

[ u{.,t)dx+ [ [ \Vu\''dxdtS [ uodx. (4.14) 
Jn Jo Jn Jn 

//r > 1, then u'^"^|Vu|« G Ll^{[0,T) ; L^ {Q)); we have u'-^jVup G Ll^{[0,T) ; L^ {Q)) and 

- [ u'{.,t)dx+ f I v!'-^\Vu\''dxdt + {r -I) f I u''''^\Vu\'^dxdt = - [ u^^dx, (4.15) 
^ Jo. Jo Jn Jo Jn ^ Jn 

As a consequence, u''-^+'" G Lj^^^(([0, T) ; PVq'^ {n)). 

2) Let uq G and u be any non-negative weak Ai solution of problem ^^J^J^- Then |^.ig ) 

and i4-14\ ) still hold as in case uq G L^{Q), where the norm ||ttollLi(n) ^■^ replaced by I duQ. In 

Jn 

particular u is a mild solution. 

Proof. 1) (i) Let < e < r < T. Since u is a weak solution of (-D^.t)) we can apply Lemma [4.21 
with / = — iVnl"^ in Qn,e,T- Thus u is a mild solution of the problem in Qn,e,T '■ for any t G [e,r] , 

u{.,t) = e(*-^)^u(., e) - e(*-'^)^|Vu|''da in L^ (Q) . 

thus u{.,t) ^ e^*~'^)^ti(., e). From our assumptions u G C ([0,T) ;L^(J7)), thus we deduce u{.,t) ^ 
e*^no as e ^ 0. Then ()iT3]) follows. 

(ii) The function u is bounded in Qn^s,T, thus from Lemma 14.31 for any p > 1, 

- [ u^{.,t)dx+ [ [ uP-^\Vu\'^dxdt + {p-l) [ [ uP-^\Vu\^dxdt = - [ uP{.,e)dx. (4.16) 
P Jn Je Jn Je Jn P Jn 

and we make /> — ?■ 1. From Fatou Lemma we deduce that |Vti|'' G L^ {Qn,e,T) and 

[ u{.,t)dx+ [ [ \Vu\''dxdt^ I u{.,e)dx. 
Jn Je Jn Jn 

As e we deduce that |Vn|'? G L^ (Qn.r) and (fiTl]l holds. If r > 1, we can take p = r in (I4.16P 
and obtain KWi as e ^ 0. Then G L}^^{{[0, T) ; W^'^ {n)) as in the case of M^. 

2) The same estimates hold because lime_5.o ||^(.; e)||Li(r2) = / ^^o- ■ 

Jn 
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Theorem 4.12 Let q > 1 and uq G L'^{^}), r ^ 1. 1) Let u be any non-negative weak L^ -solution 
of problem ^J^Jd). Then 

lk(-,i)llLoo(n) ^Ct---||no|ir;fn)' (4-17) 

where (Jr.q^Wr^q are given at [37i 



2) Any non-negative weak solution u oJ^Dq^t) satisfies the universal estimate, where C = C{N, q) > 
0, 

IK,t)IU-(c) ^cr^. (4.18) 

Proof. 1) For any a > 0, setting p = 1 + a, and 0<e^s<t<T, setting /3 = I -\- a/q, we 
have from ()4.16p . 



1 



a + 1 



f'l 




Is Jn 





u''+\.,t)dx+ I I Viul^)' dxdtS-^^ I u"+\.,s)dx. 



n 



1 



And u^i.,t) e L°°{Qn,s,T) for a.e. t > 0, then u^{.,t) G W^''^ (n); and u{.,t) G Wq'^ (n)) hence 
u^{-,t) G Wq'^ (Q) , then from the Sobolev injection of VFq''' (0) into L*?* (Q), for any s < t, 

[ u^+\.,t)dx + ^ [\[ u^i\.,a)dx)^dtS^ [ u^+\.,s)dx. 

Then we can apply Lemma [2^2] on [e,T), and deduce estimates for e < t < T, 

M.MLooin)SC{t-er^^-\H.,e)\\J';-^y 

\\u{.,t)\\L^(^n)SC{t-ey^K 
and we deduce (|4.17p and (|4.18|) as e 0. 

2) Let u be any weak solution of (Dq^t)- Let e > 0. Since u £ C{[e,T) ;L^(r2)) we find, for any 
te[e,T), 

l|n(.,t)||Loo(o) S C{t-e)-V- 
with C = C(iV, q), and deduce for any t £ (0, T) by letting e tend to 0. ■ 

Remark 4.13 The same decay estimates where shown in in case q < 2, for any weak L^ 
solution u such that u G C((0, T); (17)) n -L^((0, T); VFq (r^)), and {u — k)^ is admissible as 
a test function in the equation; this implies integrability properties of u\Vu\'^. Our result is valid 
without any of these conditions. 

4.4 Existence and uniqueness results for q ^2 

Here we consider the case 1 < q ^ 2. From the universal a priori estimate ()4.18p . we deduce new 
convergence results: 

Corollary 4.14 Assume 1 < q ^ 2. Then 

(i) any weak solution u of problem (Dq^t) satisfies u G C^'^ (Qrjv -p) H C"*^ (17 x (0, T)) ; 

(a) for any sequence of weak solutions (un) of {D^^t)-, one can extract a subsequence converging 
in Ci^^{Q^N rp) n (Q X (0,r)) to a weak solution u of (Dq^t)- 
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Proof, (i) From [Ml Theorem 2.17], any weak solution u of (-Dn.r) such that u G L'^^{{0, T) ; L°°{n)) 
satisfies u G C^'^ (QiRiv^r) n (H x (0, T)) . And any weak solution u G ^^^^((0, T) ; L°°(17)), from 
Theorem 113213. 

(ii) Moreover is uniformly bounded in (0, T); L°° (^2)). From |16t Theorem 2.13], there 
exists V G (0, 1) such that, for any < s < r < T, 

ll^n|lc(T7x[s,r]) + l|V^r^|lc".W2(f1x[s,r]) = '^^dl'"" H {Qn,./2,.) ) (^"l^) 

where C = C{{N,q,Q,s,T,v), and <1> is an increasing function. The conclusion follows. ■ 

Theorem 4.15 Suppose 1 < q < {N + 2)/{N + 1). For any uq G problem jOf j admits 

a unique weak M. solution. 

Proof. From Theorem l4.121 n is a mild Ai solution, and then it is the unique mild Ai solution, 
from ff\ Theorem 3.2]. ■ 

Next assume that uq G L^{Q) and q < {N + 2r)/{N + r). In [7, Theorem 3.3], it is proved that 
there exists a weak U' solution such that u G L^^^([0,T) ; Wq''^'' (f^)), and it is unique in this space. 
The local existence in an interval (0, Ti) is obtained by the Banach fixed point theorem in a ball of 
radius Ki of the space 



XkATi) = <! n G C{{0,T^],W^''^' (Q) : sup + tt \\Vu{.,t)\\^,.^^^ 



< oo 



where = r/2N(^, under the condition 

\\u4v{n) + KlT^ ^CKi, where 7 = 1 - g(0 + 1/2) and C = C(7V, r, 0). (4.20) 
We prove the uniqueness with no condition of integrahility: 

Theorem 4.16 Assume that uq G L''($7) and 1 < q < {N + 2r)/{N + r). Then problem 14.10\) 
admits a unique weak U solution. 

Proof. Let e > 0. From Theorem I4.12| u is bounded on (e,T) for any e G (0,T). Then 
u G C2'i(Qn,T) n C^'°(Q X (0,r)) because g < 2, from ^ Theorem 2.16]. From g2|), there exists 
a function D G C((0, oo) such that for any e > and for t ^ e 

\\Vu{.,t)\\L^m^D{t-e). 

Then |Vn| is bounded in Qe,T,n for any e > 0. Thus u G ^((0, T), PTq '^'^ (0)). The probl em with 
initial data u{.,e) at time has a unique solution Ve such that G C((0,T - e), Wq'^'' (n)), then 
Ve{.,t) = n(.,t + e). Let Ki and Ti such that (j4.20p holds. Since e)||ir(f2) S ll'WollLr(Q), we also 
have ||f,(0)||^.(f^) + KfT^ ^ CKi, thus for any t G (0,ri) 

Going to the limit as e — )• from the Fatou Lemma, we obtain 

t%M;t)\\L^r(^n)+t~' l|Vn(.,i)|lL,.-(n) ^ Ki 



32 



Hence we enter the class of uniqueness. Then u is the unique solution constructed in [7]. ■ 

Finally we give existence results for any uq G U[n),r > 1, extending the results of [71 Theorem 
3.4] for Uq € also proved for more general operators in [33] . We proceed as in Proposition 

Km. 

Proposition 4.17 Let \ < q < 2. For any nonnegative uq € U{^),r > 1, there exists a weak U 
solution of problem ^.10 ). And it is unique if q = 2. 



Proof, (i) Case q < 2. Let uo,n = min(uo,n). Then for p > N{q — l)/(2 — q), from [TJ 
Theorem 3.3], there exists a mild solution Un with initial data lio.n, and Un G C{[0,T);LP{n))f] 
L'?((0,r); Wo''^^(f7) n C^'i (Qct) • Then M„(.,t) < e^'^uo, and (u„) is nondecreasing and |Vu„|^ is 
bounded in Lj^^ ([0,T) from (j4.14p . From Corollarv 13.231 (u„) converges in Cf^l{Qfi^T) to 

a weak solution u of (jl.ip in Qn^T, and then u{.,t) < e*^uo and |Vu|^ € Lj^^ ([0, T) ; L^{^)) . Thus 
from [161 Proposition 2.11], u{.,t) converges weakly* to some Radon measure /io on And e*^Mo 
converges to uq in L''(0), thus /io S -^Lc(^) ^'^'^ < /^o < "Uo- Since Un < u, there holds no,n < A'O) 
hence fiQ = uq G L'^{0,). Also there exists a function G L'^{il.) such that u{.,t) ^ 5 for small t. Then 
the nonnegative function e^^uo — u{.,t) converges weakly* to 0, and then in Lj^^{Q). Hence u{.,t) 
converges to uq in Lj^^{Q), then in L^{U) from the Lebesgue theorem. Thus u G C{[0,T) ]U {^)). 

(ii) Case g = 2. As in \i4\ Theorem 4.2], using the classical transformation v = 1 — e~", it 
can be shown that there exists a unique solution u such that u S C([0,T) ;L'' (fi)) n C^'^ {Qn,T) H 

(fi X (0,T)). Then it is a weak L** solution. Reciprocally any weak U solution u satisfies the 
conditions above, from Corollary 14. 141 and [16, Theorem 2.17]. ■ 



5 Regularizing effects for quasilinear Dirichlet problems 

Next we extend some results of section [H to a general quasilinear problem, where u may be a signed 
solution. In this section, we suppose Q is a smooth bounded domain in M^. Let p,q> 1. Let A be a 
Caratheodory function on Qn^oo x M x such that for any (u, ry) G M x M^, and a.e. {x, t) S Qn^oo, 

\A{x,t,u,r])\SC{\r]r^ + b{x,t)), C> 0, b e L^' iQn,oc), (5.1) 
and A is nonnegative operator: 

A{x, t, u, rj).r] ^ u \r]\P ^ 0, (5.2) 
with no monotonicity assumption. 

Let g be a Caratheodory function on Qfj,oo 

X M+ X R^, such that 

g{x,t,u,r])u ^ J \u\''^~^^ \r]\'^ , A ^ 0, 7^0. (5-3) 

Definition 5.1 We say that A is coercive if 115. S^) holds with > 0, and g is coercive if ^5.3\) holds 
with 7 > 0. 

We consider the solutions of the Dirichlet problem 

{ut - div(A(2;, t, u, Vu)) + g{x, t, u, Vu) = 0, in Qq^t, 
n = 0, ondnx{0,T), (5.4) 
u{x,0) = Uq 

where uq £ U (il) , r ^ 1 or only uq G A^fc(il). 
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5.1 Solutions of quasilinear heat equation with data 

Here we consider the problem in Qn,s,T 

ut - div{A{x,t,u,Vu)) = f, mQQ^s,T, 

u = 0, on(90x(s,T), (5.5) 
u{x, s) = Us 

First we recall the notion of renormalized solution introduced in |18j for this problem with data: 

Definition 5.2 Let s,r G M with s < t, and f G L^(Qn,s,T) CLn-d Ug G L^{VL). A function u G 
L°°((s, r); is a renormalized solution in Qn,s,T of \5.5\) if Tk{u) G LP{{s,t);Wq'^{Q)) for 

any k ^ 0, and for any S G PF^'°°(M) such that S' has a compact support, 

{S{u))t - div(A(2;, t, u, Vu)S'{u)) + 5"(n)(A(x, t, u, Vu).Vu - S'{u)f = in P'(Qn,.,r), (5.6) 

and u{s) = Ug, and 

lim / / \Vu\Pdxdt = 0, (5.7) 



Remark 5.3 The initial condition takes sense from 118^ . because S{u) lies in the set 

E = {^e LP{{0,Ty,W^^^{n)) : G L^''((0, T); ly-^'P' (0)) + (Q^.t)} (5.8) 

and E C C([0, T] ; ^^(0)); and any function ip G LP((0, T); '^(0)) n L~ (Qq^t) is admissible in 
equation i5. 6\} . Moreover from jl28l Lemma 7.1], v = S{u) satisfies for any ip G C°°([s,r] x Cl) the 
integration formula 

<vt,M{v)ip >= I M{v{.,T))ij{.,T)dx - [ M{v{.,s))ip{.,s)dx - I [ iptM{v)dxdt, (5.9) 
Jn Jn Js Jn 

for any function M continuous and piecewise such that M(0) = and M' has a compact support, 
where M{r) = M{0)de. 

A main point in the sequel is the choice of test functions: here we approximate u for 

a > by truncation. In the following lemma, we solve some technical difficulties arising because 
the truncates are not smooth enough to apply the integration formula, and moreover we do not 
assume a ^ 1. 

Lemma 5.4 Let s,r G M with s < t, and f G L^{Qq^s^t-) md u G C([s,r] ;L^(r2)) be any non- 
negative renormalized solution in (5r2.s,r of 115. 5\) . with Us = u{.,s). For any a > and k > 0, we 
set 

TkAr)= r \Tk(,e)r'n{e)de. 

Jo 

Then \Tk{u)\''-^ A{x,t,u,Vu).V{Tk{u)) G L^{Qn,s,r) and 



Tk,a{u){.,T))dx + a 



I 

JQ 



1 I \Tk{u)\'^'^ A{x,t,u,Vu).V{Tk{u))dxdt 
J JQn,s,T 



Tk,a{u){;S))dx+ I I f\Tk{uT-^Tk{u)dxdt. (5.10) 
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Proof. Let a > 0, A: > be fixed, and for any n ^ 2, and 9 G 



Snie) 



[ il-\Ti{s-Tnis)\)ds, n^2. 
Jo 



This function, introduced in [18j, is a smoothing of the truncate Tn+i, such that ^ Sn{0)0 ^ 
Tn+i{9)9, supp C [—{n + l),n + 1], and Sn{0) = Sn{Tk{0)) for any n > k. Let 5 £ (0, k) , and 
n > k. Setting 



Ts,kA0) = mm) + 5)r - s^)signe, Ts^kA^) = / T^,k,ame 

Jo 

Then we can take in (|5.6p S = Sn and ip = Ts^k,ai'^) ~ '^s,k,ai^niu))- We obtain 

< {Sn{u))t,ip > + / / S'^{u)A{x,t,u,'Vu).Vipdxdt 
Js Jn 

= / / S'n{u) f ^pdxdt — I I S'^{u){A{x,t,u,'Vu).Vu)(pdxdt. 

J s J il J s J Q 

then from (15.91). we deduce 



/ 

Jn 



Ts,kASniu)i;r))dx + a I I {Tki\u\) + 6r-^Aix,t,u,Vu).ViTkiu))dxdt 

= / Ts^kA^n{u){., s))dx + / / S'j^{u) f Lfdxdt — I I S'i[{u){A{x,t,u,'Vu).'Vu)ipdxdt 
Jn ' ' Js Jn Js Jn 

First we make 6^0. We have \Ts,kA^)\ = ^" 1^1 any 6* G R, and 5„(n) G C{[0, T] ; L^{n)), and 
S'^ is bounded, thus we can go to the hmit in the right hand side. In the left hand side. From the 
positivity of A, and the Fatou Lemma we deduce that Tk{\u\)°'~^A{x,u,'Vu).VTf^{u) G L^{Qn,s,T)- 
Then we can apply Lebesgue theorem: indeed A{x,u,'Vu).VTk{u) G L^{Qn,s,T) from ()5.ip . since 
Tk{u) G LP{{s,T);W^'^{n)), and {Tk{\u\) + (5)"~i ^ max(Tj^"-i(|n|), (A; + Then the same 

relation holds with 5 = 0, with Tqi^A''^) = '^k~^ {W\)'^k{u) : 

^ la— 1 / 

S'^(n)/To,A..„a(n)dx(it - / / S'^{u){A{x,t,u,\7u).\7u)To,k„aiu)dxdt. 
s Jn J s Jn 

Then we make n — t- oo. Since u £ C{[0,T] ; L^{Q,)), for any t G [s, r] 

lim / TkASn{u){.,t))dx = / TkA'^i-^i))dx, 

moreover ^ 

lim / / S'i[{u){A{x,t,u,'Vu).Vu) Tq k a{'u)dxdt = 
"^^"^Js Jn 

from ()5.7p . ()5.ip . since 5^ = — l[n,n+i] + l[-n,-n-i]- Moreover 



TkASn{u){.,T))dx - / rfc,a(5„(n)(.,s))(ix + a / / T^-\\u\)A{x,u,Vu).V{Tk{u))dxdt 



lim / / S'^{u)fTQ^k,A'^)dxdt = / fTQ^k,A^)dxdt 
Is Jn Js Jn 



since S'^{u) — t- 1 a.e. and is uniformly bounded. Then ()5.10p follows. 
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5.2 Notion of solutions of problem {Pn,T) 

Definition 5.5 We say that u is a renormalized solution of problem {Pn,T) if'- 

(i) u e C{{0,T);L^{Q)), Tk{u) G Lf„^((0, T); '^(rj)) for any k ^ 0, and g{x,u,Vu) G 
Ll^{{Q,T)-L\n)), 

(i) for any 0<s<t<T, uisa renormalized solution of problem 

ut - div(A(x, t, u, Vn)) + g{x, t, u, Vu) = 0, in Qn,s,r, 
M = 0, ondnx{0,T), 

with initial data u{.,s); 

(a) for uq € L^{0,), the extension of u by uq at time belongs to C([0,T) ■,L^{Q)); for uq G 
Aib{^), there holds 

lim / u(.,tUdx= / ipduo, V?/; e CJl^). (5.11) 



Remark 5.6 Recall that Vn is defined by Vn = V(Tfe(u)) on the set \u\ < k. The assumption on 
g means that, for any < s < r < T, 

/ \g{.,u,Vu)\ dxdt = ''^^ / \g{., u, V{Tk{u))\ dxdt < oo. 

We first prove decay properties of the solutions. 

Theorem 5.7 Let p,q > 1, and O 6e a regular bounded domain o/R^. Let A and g satisfy 115. 1\) 
lOI) and lOD . 

1 ) Let Uq G r ^ 1 and u be any renormalized solution of {Pn,T)- Then for any t G [0, T) , 

/ |ur {.,t)dx S / ItioTdx. (5.12) 
Jn Jn 

Moreover if r > 1, or if g is coercive, then 7 |n|'*'^''~"'^ iVul"^ + |Vti|^ G Lj^^{[0,T) ; L^ {^)), 

and 

/ \u\^ {.,t)dx + rj / / \u\^~^^~^ \Vu\''dxdt + r{r — l)^ / / {u]^'"^ \Vu\^dxdt ^ / \uo\^ dx. 
Jn Jo Jn Jo Jn Jn 

(5.13) 

2) LetuQ G A^^(r2) andu be any nonnegative renormalized solution of {Pq,^t) of problem ^.10^ . 
Then the same conclusions hold as in case uq G L^{Q), where the norm ||^io||Li(r2) ^•^ replaced by 

/ duQ. 
Jn 
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Proof. 1) Let < s < t < T, then we have for any a > 0, any k > 0, from Lemma [5 

[ Tk,a{u){;T))dx + a [ [ \Tk{u)\°'~'^ A{x ,t, u,Vu) .V {Tk{u))dxdt 
Jn ' Js Jn 

Tk,aiu)i.,s))dx - / \Tkiu)\"'^Tkiu)g{.,u,Vu)dxdt 



n 



And \Tk{uT~^n{u)g{.,u,Vu) > j \Tk{uT+^ \VTk{u)\'' from Then J^TkAu){;t)) is de- 

creasing for any k,a > 0, and 

Tk,a{u){.,T))dx + j f [ \Tk{uT+^ \VTk{u)\Uxdt + au f [ iTtiuT'^ \VTk{u)f dxdt 

Js JQ Js JQ 



S / Tk,aiu){.,s))dx (5.14) 
Jn 

If r > 1, we can take a = r — 1>0 in (|5.14p and get 



Tk,r-i{u){.,t))dx + 7 



f [ \n{u)r^+^\vn{u)\Uxdt + au f [ \n{u)r^\vn{u)fdxdt 

= I Tk,r-i{u){., s))dx ^ - I \u\'^{.,s)dx (5.15) 



Q ^ Jn 

Since u G C{[0,T) ; (Q)) we can go to the hmit as k ^ oo, and s — )• 0, and deduce that 
7|ur~^+^ iV-ul^ and aiylu]""^ \Vuf belong to L^^ {[0,T) ; L^{n)) and for any t G (0,T) , 

/ \u\^ (.,t)dx -\- / / \u\^^^^'^ \\7u\'^ dxdt + r{r — l)v / / {u]^^"^ \\7u\^ dxdt ^ / Iuq]"^ dx. 
Jn Jo Jn Jo Jn Jn 

If r = 1, we take any a > in (I5.14p and observe that for any 9 > 0, 

a + l 

Then 



S Tk,aiG) S A:" 1^1 (5.16) 



[ \n{ur+'{.,t))dx + {a + l)j f I \n{uT^^\Vn{urdxdt^{a + l)k^ [ \u\{.,s)dx 
Jn Js Jn Jn 

Then we go to the hmit as a — >• 0, we deduce 

/ \Tk{u)\{.,t))dx + j f [ \Tk{ut\VTk{u)\Uxdt^ [ \u\{.,s)dx (5.17) 
Jn Js Jn Jn 

and then as s — t- we find 

[ Tk{u){.,t))dx + j f [ \n{u)\^\Vn{u)\UxdtS f Wo\dx (5.18) 
Jn Js Jn Jn 

and finaUy k — )• oo, and deduce that \u\ {.,t)dx ^ \uo\ dx. Moreover if 7 > 0, we find 



\u\{.,t)dx + ^ / / \u\^ \\/u\'^dxdt ^ I \uo\dx, 
Jo Jn 
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thus ([STTS]) still holds with r = 1. 

2) We still find ()5.17p . And lims_j.o fQu{., s)dx = / duo from (jS.lip . hence the conclusion. ■ 

Jn 

Next we deduce L°° estimates, in particular a universal one. 

Theorem 5.8 Let p > 1, 1 < q < N, and he a regular hounded domain ofM.^. Assume ( 15. ij) 
15.^) and 15. 3\) . Let uq G L'^{Q),r ^ 1, and u he any renormalized solution of {Pn,T)- 

(i) If g is coercive, there exists C = C(A^, A, 7, 1^) independent of A, such that 

M.,t)\\L^^n) S Cr'^'--Nl^o|ir.T4, (5-19) 

where 



1 rq 



and there exists C = C{N,q,X, such that 

\\u{.,t)\\Lo.^n)SCr^^. (5.20) 

(a) If A is coercive and r > (2 —p)N/p, (in particular if p > 2N/{N + 1)), and p < N, then 

\\u{.,t)\\L^^n) S Cr-— ||txo|ir;f^)\ (5.21) 

where 



1 



and if p > 2, i/iere exists C = C{N,p, such that 

||n(.,t)||ioo(f,) ^Cr^. (5.22) 

(Hi) The same conclusions hold if u is nonnegative and uq G ^A'^{Q), as in case uq G L^{Q,), where 
the norm \\uo\\ii(^q^ is replaced hy / duo. 



Proof, (i) Let < s < t < T. Since g is coercive, from Theorem 15.71 for any a ^ such that 
1"+^ (.,s) G L^{n), we get from ([5713]) 

tx|"+^(.,t)dx+(a + l)7 f [ \u\^+''\Vu\''dxdt^ I |n|"+^(.,s)dx, 
Q. Js Jn Jn 

and in particular 



/ 

Jn 



\n{uT+'{.,t)dx + {a + lh f I {n{u)f+''\Vn{u)\Uxdt^ I \ur+'{.,s)dx 



n Js Jn 



And Inl^+^lV-ul" = \V{\uf-^u)\i with /3 = l + {a + X)/q ^ 1. Then \V{{\uf~'^ u){.,t))\, and 
also \V{{\Tk{u)f-^Tk{u)){.,t))\ belong to Li{Q) for a.e. t > 0. Since \Tk{u)f-^Tk{u)(,,t) G 
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L°°(f]) it follows that \Tk{u)\'^~^Tk{u){.,t) G W^'^in). Moreover Tk{u)(,,t) G W^'^ {Q)), hence 
\Tk{u)\'^~^ Tk{u){.,t) G W^''^ (Q) . Then from the Sobolev injection of W^'"^ (O) into L"?* 

go(a + l) 
Going to the limit as A; — )• oo, we find 



Z?" Js Jn - a + l 

Then we can apply Lemma 12.21 on [e,T), with m = q and 9 = N/{N — q); we deduce the estimate 
for [e,T), 

||n(.,t)||ioo(f,) ^C(t-e)-'^'---|K,e)||^;-;, 

with C = C(A^, g, A, 7, il). Finally we go to the limit as e — )• 0, and get ()5.19p for uq G L^{^), and 
the analogous when u is nonnegative and uq G and also ()5.20p . 

(ii) Assume that A is coercive. Then for any a > 0, 

rt 



Tk,a{u){-,t))dx + aiy 



s Jn 



\n{uT-' \Vn{u)f dxdt S [ %A'^){.,s))da 



from (|5.14p . From the Sobolev injection of Wq ^ (^) (^)' since p < N, we deduce 

[ u''+\.,t)dx + a^ [\[ u^P\.,a)dx)1^dt^^ [ u''+\.,s)dx. 
a + l kP Js Jn a + l Jn 

with = 1 + (a — 

• First suppose r > 1; then we start from aQ = r — 1 > and we can apply Lemma 12.21 with 
m = p, 9 = N/ (N — q) and A = —1. The condition (|2.ip is satisfied, since r > N{2 — p)/p. 

• Next suppose r = 1. Then 1 > (2 — p)N/p, thus p — 1 + p/N > 1. For any a > 0, 

I \n{uT+\.,t))dx + a{a + l)v f I \Tk{uT~^ \VTk{u)f dxdt S {a + l)k'' f \u\{.,s)dx 
Jn Js Jn Jn 

Taking a = 1, we get from (|5.12p . 

iVTki^u)]^ dxdt ^ k / \u\{.,s)dx^k / |tio| dx. 



s Jn 



And from (j5.12p . u G ((s,T); (il)) , then from standard estimates, there holds u G LP{Qn,s,t) 
for any p G — 1 + p/N) , see [19]. Then G (0,) for almost any t G (0, T) , hence we 

can apply Lemma 12.21 on [e,T) for e > 0, with the same parameters, after fixing such a p = Pp^N- 
We obtain that 

l|n(.,t)||L»(f,)^C(t-6)-'^^— |K,e)||^/-)\ 

where C = C{N,p, X, pp^j\f) = C{N,p, X); finally we go to the limit as e — )• because u G 
C([0, T] ; L^{n)). Estimate ([02]) follows, since -1 + p - 1 > 0. 

(iii) Similarly, if uq G A^^(ri) and u is nonnegative, we are lead to the same conclusions, where 
ll^ollLi(n) is replaced by duQ. In particular ()5.2ip holds for p > 2N / {N + 1), and ()5.22p for p> 2. 
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Remark 5.9 As at Remark \3.18l we still obtain L°° estimates for q > N or p > N. If g is coercive, 
we get \5.19\) with ar,q,N = l/{q + r — 1 + X) = Wr^q.N/f if Q > o-nd ar,N,N = — <5) + 

r — 1 + A) = Wr,N,N/r{l — 6) where 6 € (0,1) is arbitrary. If A is coercive we get 115.21]) with 
Cr,p,-i = l/{r+p — 2) = Wr^p^-i/r ifp > N, and ar,N,-i = 1/ (^(1 — ^) +p — 2) = Wr,N,-i/r{l — 6). 

Remark 5.10 Our results apply in particular to the problem 

ut - div{A{x,t,u,Vu)) = 0, inQn^x, 
u = 0, ondnx{0,T), 

u{x, 0) = Mo 

Thus we find again the estimates of f34[ Theorem 5.3], with less regularity on the solutions: those 
estimates were proved for solutions u € C([0, T) ; L^(Q)) such that u G LP((0, T) ; Wg '^(Q)) n 
C([0, T) ; L^(r2)) . The notion of renormalized solutions, equivalent to the notion of entropy solutions 
of J3^ (see JS^), is weaker. 

Remark 5.11 The extension of results of section\^to the case of equation of type lil.^) in the case 
= will be treated a further article. 

Acknowledgement 5.12 We thank Professor F. Weissler for helpfull discussions during the prepa- 
ration of this article. 
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